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® PROBLEM 16-1

Why is any compact space also a Lindel6f space?

SOLUTION:
DEFINITION OF COMPACT SPACE

A space (X, T) is said to be compact if given any open cover {U,}, w € L,
of X, there is a finite subcover of {U,}, w € Q.
[

Let (X, T) represent any space and A C X. An open cover of A is a
collection {U,,}, w € Q of open sets, such that

ACUU,.

Also, {U,}, ® € Q is an open cover of A if {U, N A}, w € Q is an open
cover of the subspace A. A is said to be compact if every open cover of A has
a finite subcover. Hence, A is compact if the subspace A is compact.

A space (X, T) is said to be a Lindelof space if every open cover of X has a
countable open subcover.

Therefore, any compact space is also Lindelof.

® PROBLEM 16-2

Show that (0, 1) is not a compact space with the absolute value topol-

ogy.

SOLUTION:

The open interval with the absolute value topology is Lindelof since it is
a subspace of a second countable space R. With the absolute value topology,
(0, 1) is an example of a space which is Lindelof, but not compact.

We shall now show that (0, 1) is not compact with the absolute value

topology.
Consider the collection of open subsets of (0, 1)

(U}, n=1,2,3,4,..

where

U”=(n}- 1’1)'
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This is an open cover of (0, 1) because
-1
(0’1)=L2J(n+1’1)'

No finite number of the U, will cover (0, 1). Suppose, on the contrary
that

U"l’ Uaz, oo U“k
cover (0, 1). Let U, represent the set with the highest index, then
]

1
+1,1) = (0,1).

0,1)=U, UU, U..UU, =U, =(
1 2 k 1 a !
Hence, a contradiction.
We conclude that (0, 1) is not a compact space with the absolute value
topology.

® PROBLEM 16-3

1. Use the Heine-Borel theorem to show that every closed and bounded
interval [a, b] with the absolute value topology is compact.

2. Show that every finite subset of a topological space (X, T) is com-
pact.

SOLUTION:
1. We quote:
HEINE-BOREL THEOREM

Let [a, b] represent a closed and bounded interval and let {U,} represent a
class of open sets, such that

[a,b]C U,.
a
Then one can select a finite number of the open sets, say

Uy, Ug,....,U,
1 2 n

in such a way that

[a,b)CU, UU, U...UU,.
1 2 n
|

According to the Heine-Borel theorem, every closed and bounded inter-
val [a, b] on the real line with the absolute value topology is compact.
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2. LetA ={ay, ay, ..., a,} be a finite subset of a topological space (X, 7). Let
{U,} be an open cover of A

AcCUU,.
a
Then each element of A belongs to at least one of the sets {U,}. Hence

a, EUOll

a, EU(le

a, €U,

n

and
ACU, U..UU,.

Any finite subset of a topological space is compact.

® PROBLEM 16-4

Let N represent the set of natural numbers with topology T defined as
follows: a subset U C N is open if it contains all, but mostly finite ele-

ments of N. Show that (N, T) is a compact space.

SOLUTION:

Let {U,}, w € Q represent any open cover of N. We choose any element
of {U,},sayU,, .

By definition U, contains all but most finitely elements of N. Let us de-
note these elements b);

ky, ks, ..., ky,.
Since {U,,} is an open cover of N, an open set U, exists, such that
2
k,eU o
Similarly, we canfind U, , ... , U, such that
3 m
k, € U‘”s’ sk, Gme.
For an open cover {U,}, w € Q we found a finite subcover
{le, U‘”z’ ooy Uu,m} of {U,}.

Since {U,,}, w € Q was an arbitrary cover of N, the space (N, T) is compact.
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® PROBLEM 16-5

1. Show that any infinite subset A of a discrete topological space X is not
compact.

2. Prove that a subset of a discrete space is compact, if and only if it is
finite.

SOLUTION:

1. Let (X, T) represent a discrete topological space and A represent an infi-
nite subset of A. We shall find an open cover of A which has no finite subcover.
Consider the class of singleton sets

{{a}:a EA}.
It is an open cover of A because
A=U {a}
a€A

and since all subsets of a discrete space are open, each set {a} is open. Note
that no proper subclass of {{a} : a EA} is a cover of A.

Since A is infinite so is {{a} : a € A}. Thus, the open cover {{a} :a €
A} of A contains no finite subcover and A is not compact.

2. In Problem 16-3, we proved that every finite subset of a topological

space is compact. Hence, a subset of a discrete space is compact, if and only
if it is finite.

® PROBLEM 16-6

Show that a continuous image of a compact set is also compact.

SOLUTION:

FIGURE 1
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Suppose f: X — Y is continuous and X and Y are topological spaces and
A is a compact subset of X.
Let {U,} represent an open cover of f(A)

fACUU,.
Then, we have ’

AC FFANC A UUL] = U f-1(Ua)

Since f is continuous, all sets f~!(U,,) are open and {f~1(U,)} is an open cover
of A. By hypothesis, A is a compact set, hence {f~1(U,)} is reducible to a fi-
nite cover, say

[ UG s f1U)
Then

A Cf“(Ual) U..u fU,)
and
f(A)Cf[f“(Ual) U..uf! Uq)IC UOll Uu...u U“n'
Thus f{A) is compact.

® PROBLEM 16-7

Show that topological space (X, T) with the cofinite topology T is com-
pact.

SOLUTION:
Suppose {U,} is an open cover of X. Choose any
Ue{U,}.
Since T is the cofinite topology, X — U is a finite set, which we can denote as
X-U=A{uyuy, ...,u,}.

{U4} is a cover of X, therefore, for each of the elements of {u, u,, ..., u,}, at
least one set U, exists, such that

u€ U, andU, E{U,}

fori=1,2,...,n.
Thus

n

X-UCU,U..UU,
1
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and
X=UUXx-U)=UUU, U...UU,.
1 n

Hence X is compact.

® PROBLEM 16-8

1. Find an example of a subset of a compact space which is not com-
pact.

2. Prove the following

THEOREM

A closed subset of a compact space is also compact.

SOLUTION:

1. Consider the closed interval [a, b] which is compact by the Heine-Borel
theorem. Open interval (@, b), which is a subset of [a, b], is not compact (see
Problem 16-2).

2. Let F C X represent a closed subset of a compact space (X, T) and let

{Ua}
represent an open cover of F,
FcUU,.

a

We have
X=(X—F)UUUQ.
a

Since F is closed, X — F is open and
{Uw X-F }

is an open cover of X.
By hypothesis, X is compact and the cover {U,, X — F} is reducible to a
finite cover, say

X=U,U...UU,UX-F)

where Uy, ..., U, € {U,}.
Since F and X — F are disjoint we obtain
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FCUU...UU,.

Therefore, an open cover {U,} of F is reducible to a finite subcover {U,, U,,
e Uy}
Set F is compact.

® PROBLEM 16-9
Show that the following conditions are equivalent:
1. Xis compact

2. For every family {F,} of closed subsets of X,

({F o} contains a finite subclaSS\

(n Fa = ¢) = {Fal’.",Fak} such that
o
Fo N..NF,

SOLUTION:

1. = 2.
Suppose (N F, =0, then according to de Morgan’s law
a

X=X—mFa)=U(X_Fa)

{X - F,} is an open cover of X, because all F, are closed. But, by hypothesis
X is compact, hence a finite subcover exists, say

X=(X-F)U..UQX-F,)

where
F“l’ cees F“k e{F,}.

Again, according to de Morgan’s law

¢=X-X=X-[(X-F,)U..UX=-F,)]=F, N..NF,.

2. = 1.
Let {U,} represent an open cover of X.

xX=-Uu,.
According to de Morgan’s law ¢
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o=X-X=N(X-U,).
a
All sets X — U, are closed and have an empty intersection. By hypothesis, a
subclass of {X — U} exists,say (X - U, ), ..., (X - U, ),such that
1 k
X - U“l) N...N X - U“k)=¢'
According to de Morgan’s law
X-[(X-Uy)N...N(X-Uy)]=Uy, UU,, U...UU,, =X.

Thus, X is compact.

® PROBLEM 16-10

Show that the family of open intervals
{(O, 1), (O’ l/2)’ (09 1/3)’ (O’ 1/4)’ “'}

has the finite intersection property.

SOLUTION:
DEFINITION

A family {A,} of sets is said to have the finite intersection property, if
every finite subfamily
{A“.’ cees Aa"}

has a non-empty intersection, that is

Ag N..NAg =0
|
Let {(0, ay), ..., (0, a,)} represent any subfamily of open intervals, then
©0,a)N...N(O,a,)=(0,a)=¢
where
a =min (ay, ay, ..., a,).
Observe that the intersection of all the members of the family
O,DNOY)N...=¢

is empty.
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® PROBLEM 16-11

Prove this theorem:
THEOREM
A topological space (X, T) is compact, if and only if every class {Fa}

of closed subsets of X, which has the finite intersection property (see
Problem 16-10), has a non-empty intersection, i.e.,

ﬂFG¢¢.

SOLUTION:

The implication of Problem 16-9 can be written in the form

3 a,,a,, ...,a, such that\
F
() Fa=0)= LF(,I NF, N..NF, =¢J )

Let a and b represent sentences, then
(a=b)=(a"vb)
and
(b =a")=(bva).
Let us take the negation of (1)

/‘v' a ,a,,...,o, such that

lFa.”Fa,”---”Faf J=>(QFa#¢). )

Since (1) implies (2), the proof is completed.

® PROBLEM 16-12

Let A represent a compact subset of a Hausdorff space (X, 7). Show that,
if

gEX-A, €Y

then the open sets U and V exist, such that
qgeEU, ACV, UNV=4¢. )]
See Figure 1.
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UnV=9¢

v

SOLUTION:

*xM
FIGURE 1

Choose a €A, since g EX —A, a = q and since (X, T) is a Hausdorff space,
open sets U, and V, exist such that

qe€ U, a€V, U, NV,=¢. 3)
The family of sets {V, : a € A} forms an open cover of A
AC UV, @)
acA

Since A is compact, a finite subcover V,,V, , ..., V, exists, such that
1 2 k

ACV, UV, U..UV,. ©)
Let us define
V=V, UV, U..uv, (6)
and
U=Ua|ﬂ...ﬂUak. (7)

Obviously U and V are open as the union and finite intersection of open sets.
From (5) and (6) we have

ACY,
from (3) and (7) we have
qgeU.
We have to show that UN V = ¢.
unv=@U, N..N0, )NV, UV, U..UV,). (©)
Since
U, NV, =¢ (€)
forl=1,2,...,k, we have
UNnvs=é.
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® PROBLEM 16-13

Show that any compact subset of a Hausdorff space is closed.

SOLUTION:

Let A represent a compact subset of a Hausdorff space (X, 7) and let
qEA.

FIGURE 1

We shall show that if A is compact, then X —A is open.
Let a € A; then since (X, T) is Hausdorff, there are neighborhoods U, and
V, of a and q respectively, such that

a€U, q€V, U,NV,=¢. 1)
’[he family of sets
‘ {V,:a EA} 2)
forms an open cover of A. Since A is compact, there are finitely many
A Ay eees Ay such that {V"n’ cees Va"} 3)
forms on an open cover of A. Let
U=Uqlﬂ...ﬂUq” and V =Va|U...UVa". 4

Theng€EUand UNV=¢.SinceqEX-AandgE Uand UNA = ¢, then X
—Ais open and A is closed.

® PROBLEM 16-14

Show that a subset of a compact T,—space (Hausdorff space) is compact,
if and only if it is closed.
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SOLUTION:
Let (X, T) represent a Hausdorff compact space and A C X, then

(A is compact) <> (A is closed).

<= In Problem 16-8 we proved that any closed subset of a compact space is
compact.

= In Problem 16-13 we proved that any compact subset of a Hausdorff
space is closed.

® PROBLEM 16-15

Prove
THEOREM

Let A and B represent disjoint compact subsets of a Hausdorff space
(X, 7). Then open sets U and V exist, such that

ACU BCV, UNV=¢.

UnV=¢

FIGURE 1

SOLUTION:
Let a € A: then, since A N B = ¢, a & B. By hypothesis, B is compact and
open sets U, and V, exist, such that
aclU, BCV, U,NV,=¢. (¥))
The family of sets {U, : a € A} forms an open cover of A and since A is

compact we can select {U, ; U, PREP U, } a finite subcover of A.
Let us denote
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U=U, U..uU,

|4 =Val ﬂ...ﬂVa". G)
Then
ACU and BCV. “4)
Both U and V are open sets. Foreachk=1,2, ..., n
U"k N V“k = ¢. &)
Thus
U“k NV=¢
and
UﬂV=(Ua|U...UUan)ﬂV=¢. 6)

® PROBLEM 16-16

Show that every compact Hausdorff space is normal.

SOLUTION:

Suppose (X, 7) is a compact Hausdorff space and F, and F, are disjoint
closed subsets of X.

By Problem 16-8, both sets F; and F, are also compact.

By Problem 16~15, open subsets U; and U, exist such that

FICUI, F2CU2, Uan2=¢.

0% (.

FIGURE 1

UjnUz=¢

We conclude that (X, T) is normal (see definition in Problem 13-22). See
Figure 2.
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® PROBLEM 16-17

1. LetA represent a compact subset of a Hausdorff space (X, T).

FIGURE 1

Show that if x & A, then there is an open set U, such that
xEUCX-A. 1)

2. Prove that a compact subset A of a Hausdorff space (X, 7) is closed.

SOLUTION:
1. Open sets U and V exist such that
x€EU, ACV and UNV=4¢. )
Therefore,
UNA=¢ and x€EUCX-A. 3)
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2. We shall prove that X — A is open. Let

xEX-A
that is,
xEA.
Uy
UX
Uy
FIGURE 2
Since A is compact, an open set U, exists, such that
x€EUCX-A “4)
Therefore,
X-A= U U, (5)

xXEX-A
and X —A is open, while the union of open sets and A is closed. Compare with
Problem 16-13.

® PROBLEM 16-18

How does an equivalence relation lead to the new compact spaces?
(Hint: use results of Problem 16-17).

Show that the circle is compact.

SOLUTION:

xo k A
[ 7
—_—

FIGURE 1
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Suppose X is a compact space and R is an equivalence relation on X.
The space ¥/ is called the identification space. Since the identification
mapping f from X onto %/,

[ X=X

is continuous and the space 4/ is compact.
We have already shown that the closed interval [0, 1] is compact. An
equivalence relation between [0, 1] and the circle can be established as

follows:
0 X 1

\/

FIGURE 2

Let 0 be equivalent to 1, and every other element of [0, 1] be equivalent only
to itself.

By identifying 0 and 1, we obtain a circle. The circle is an identification
space derived from [0, 1], hence the circle is compact.

® PROBLEM 16-19

Prove:
THEOREM
Let frepresent a one-to-one continuous function
f:X—=Y

from a compact space X into a Hausdorff space Y. Then X and f(X) are
homeomorphic.

|
See Figure 1.
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FIGURE 1
SOLUTION:
Function
f: X~ fX) )
is a continuous bijection (i.e., one-to-one and onto). Hence,
fifX)—x @

exists. By hypothesis, f is continuous, so we only have to show that f-1 is
continuous.
Function f-! is continuous if, for every closed subset F of X,

[F=11-' (F) = fF) G)

it is a closed subset of f(X).

Let F represent a closed subset of a compact space, then (by Problem
16-8) F is compact. Since F is continuous, f(F) is a compact subset of f(X).
fiX) is the Hausdorff space as a subspace of the Hausdorff space Y. Thus, f(F)
is closed and f-! is continuous. Therefore,

fiX =0 )

is a homeomorphism.

® PROBLEM 16-20

Let (X, T) represent compact and let (X, T") represent the Hausdorff
space.
Prove that

(T°CT) = (T"=T).

SOLUTION:

Consider the identity function defined on X:
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fx)=x
[T =X T).

Function f is one-to-one and onto. Since
I'cr,

fis continuous.
Since (X, T) is compact and (X, T") is the Hausdorff space, we conclude
that (X, T) and (X, T") are homeomorphic. Therefore

T'=T.

® PROBLEM 16-21

Here is an important theorem which enables us to find more compact
spaces.

TYCHONOFF THEOREM

Let >k<X,c k € K represent the product space of the countable family
of non-empty spaces {(Xy, 7}) : kK €K}. Then

XXk
k

is compact, if and only if each component space is compact.

Prove it.

SOLUTION:

Suppose ”:Xk is compact. For each | € K, the projection map

)i =>k<Xk - X

is continuous and onto.

Therefore X, is compact for each I € K. Now, suppose each X; is com-
pact. Let {;}, j €J represent any ultranet in ;:Xk with the kth coordinate of
denoted by #(k). Then

{pd®)} = {1}, JEJ

is an ultranet in X, and {¢(k)} converges in X,. Therefore, {#}, k € K con-
verges in 2<Xk .
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A space (X, T) is compact, if and only if every ultranet in X converges.
Hence,
PR

is compact.

® PROBLEM 16-22

Show that the cylinder, the torus and the cube are compact spaces.

SOLUTION:

We have already proved that the closed interval I = [0, 1] and the circle C
are compact.

| {1}xIxI {11xC

s

é “///prq

O xIxI TN

0 1 0} xC
FIGURE 1 FIGURE 2

According to the Tychonoff theorem, the cube [0, 1] x [0, 1] x [0, 1] is
compact because [0, 1] is compact.

Similarly, we show that the cylinder is compact, see Figure 2.

Since C and [0, 1] are compact, the cylinder C x [0, 1] is compact.

The torus C x C is also compact, see Figure 3.

FIGURE 3
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® PROBLEM 16-23

1. Show that if A is compact and F is closed, then A N F is compact.

2. Prove thatif A,, A,, ..., A; are compact subsets of a topological space
X, thenA; U ... UA, is also compact.

SOLUTION:
1.

FIGURE 1

Let {U,} represent an open cover of A N F
ANFCUU,. 1)
Then :
AcUU, U X -F). 2

a
and since F is closed {{U,}, X — F} is an open cover of A. Set A is compact so
we can choose a finite subcover, say

ACU, U..UU, U(X-F). €))
Hence l '
AﬂFCUGU...UUG" 4)
and A N F is compact. |

2. LetA and B represent compact subsets of (X, T) and let {U,} represent an
open cover of A U B

AUBC( U,. 5)

Then {U,} is an open cover of A and B, which are compact.
ACl U,. 6)
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We can choose finite subcover

ACU, U..UU, )
1 n
and
BCU, U..UU, . 8)
n+l n+k
Hence
AUBCU_ U..UU, &)
1

n+k

and A U B is compact.

® PROBLEM 16-24

Show that a finite subset A of a topological space (X, 7) is sequentially
compact.

SOLUTION:
DEFINITION OF SEQUENTIALLY COMPACT SETS

A subset A of a topological space (X, T) is sequentially compact if every
sequence in A contains a subsequence which converges to a point in A.

|
Let A represent a finite subset of (X, T), and let
(xla X2, X3, "') (1)

represent a sequence in A.

Since A is finite, at least one of the elements in A, say x,, appears an infi-
nite number of times in the sequence. We can choose the subsequence of (1)
to be

(xo, X0, X05 - ) (2)

which converges to the point x, belonging to A.

® PROBLEM 16-25

Show that a continuous image of a sequentially compact set is sequen-
tially compact.
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SOLUTION:
Let

f:X—>Y )

be a continuous function and let A represent a subset of X which is sequen-
tially compact. We will show that f(A) is sequentially compact in Y.

f:X>Y

Y
—_—
X
FIGURE 1
Let
()’1, Y2, "') (1)
represent a sequence in f{A). Then there exists a sequence in A
(xl’ X2, "') (2)
such that

f(xl)=yl’ﬂx2)=y2’ ""f(xn)=ym
Since A is sequentially compact, sequence (2) contains a subsequence, say
(xk|, X ) 3)

which converges to a point x, EA.
Since fis continuous, we have

(fCxx), f(xi,); ))

X, » Xg, -..) convergesto xg ) => .
(( b X, o) g 0) (convergesto f(x0)

We have f(xy) € f(A).
Thus, f(A) is sequentially compact.

® PROBLEM 16-26

1. Show that every bounded closed interval [a, b] is countably com-

pact.
2. Show that the open interval (a, b) is not countably compact.
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SOLUTION:
DEFINITION OF COUNTABLY COMPACT SETS

A subset A of a topological space (X, T) is countably compact, if every
infinite subset B C A has an accumulation point in A.

[
1. Let B represent an infinite subset of a closed interval [a, b].
BC [a, b).
We shall apply:
BOLZANO-WEIERSTRASS THEOREM
Every bounded infinite set of real numbers has an accumulation point.
[

Thus B has an accumulation point x. Since [a, b] is closed, and B C [g, b], the
accumulation point x of B belongs to [a, b]. Hence [a, b] is countably com-
pact.

2. We shall show that the open interval (0, 1) is not countably compact.
Consider the infinite subset of (0, 1)

{1/2’ 1/3, l/4, l/5, ...}.

This subset has only one accumulation point 0 which does not belong to

©, 1).
Hence (0, 1) is not countably compact.

® PROBLEM 16-27

Show that a closed subset of a countably compact space is countably
compact.

SOLUTION:

Let (X, T) represent a countably compact space and F be a closed subset
of X.

Let A represent any infinite subset of F. A is also an infinite subset of a
countably compact space (X, 7). Therefore an accumulation point x of A
exists, such that

xeX
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x.m

FIGURE 1

Since A CF, x is also an accumulation point of F. By hypothesis, F is closed,
so it contains all its accumulation points. Thus

x€F.

Hence, any infinite subset A of a closed set F has an accumulation point x €
F. Therefore, F is countably compact.

® PROBLEM 16-28

(X is compact) = (X is countably compact).

SOLUTION:

Suppose (X, T) is compact.
Let A represent a subset of X

ACX

with no accumulation points in X.

FIGURE 1
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Each point x € X belongs to an open set U, which contains, at most, one point
of A.
Now, consider the family of sets

{U::x€X} )
Family (1) consists of open sets and
xcuyu,. )
xEX

Hence (1) is an open cover of X. Since X is compact (by hypothesis), we can
select a finite subcover

Uy Ups oo Uy 3

Then
ACXCU, U ..UU,. 4)
1 n

Since each of the sets (3) contains, at most, one point of A, A is finite. There-
fore, every infinite subset of X contains an accumulation point in X, that is, X
is countably compact.

® PROBLEM 16-29

In Problem 16-28 we showed that if the space is compact, then it is
countably compact.

((X, T) compact) = ((X, T) countably compact).

Give an example showing that this implication cannot be reversed.

SOLUTION:

We shall give an example of a space which is countably compact, but not
compact. Let N represent the set of positive integers with the topology T
generated by the sets

{1,2}, {3, 4}, {5, 6}, ...

and let A = ¢ represent a non-empty subset of N.

Let k € A, then, if k is even, then k— 1 is a limit point of A and if k is odd,
then k + 1 is a limit point of A.

Hence A has an accumulation point and (N, 7) is countably compact. Since

{{1,2}, {3, 4}, {5,6}, ..}

is an open cover of N which has no finite subcover, (¥, T) is not compact.
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® PROBLEM 16-30

1. Show that sequential compactness is a topological property.

2. Show that countable compactness is a topological property.

SOLUTION:

1. Let (X, T) and (Y, T") represent homeomorphic topological spaces. Then
a homeomorphism exists

f:X—=Y
Suppose X is sequentially compact and let

O M

be a sequence in Y.
Then, since f is onto and one-to-one,

fom ()

is a sequence in X. Since X is sequentially compact, (2) contains a subse-
quence, say

o) €)
which converges to a point in X,
f',) >xEX. O
Since fis continuous,
fE00)) = ) =) EY. ©)

Thus, (1) contains a subsequence (y , )» Which converges to a point f(x) in Y.
(Y, T") is sequentially compact. "

2. Let B represent an infinite subset of Y. Then f~1(B) is an infinite subset of

X. X is countably compact. Hence f~!(B) has an accumulation point x in X.
Thus B has an accumulation point f(x) in Y and Y is countably compact.

® PROBLEM 16-31

Prove that if a space (X, T) is sequentially compact, then it is countably
compact.

(X sequentially compact) = (X countably compact).
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SOLUTION:

Suppose (X, 7) is sequentially compact and A is any infinite subset of X, A
C X. We shall show that A has an accumulation point in A. We can find a se-
quence

(a,) nEN
in A with distinct terms, i.e., forany k, [EN, k =]
ay = 4.

Since X is sequentially compact, (a,) contains a subsequence which converges
to a point in X.

(ak”) —x EX.

Then x € X is an accumulation point of A and (X, T) is countably compact.
There are some other properties related to compactness, for example,
paracompactness, metacompactness, and pseudocompactness.

® PROBLEM 16-32

Show that the coordinate plane R? with the Pythagorean metric topology
is locally compact.

SOLUTION:

DEFINITION OF LOCALLY COMPACT SPACES

A space (X, 7T) is said to be locally compact if for any x € X and any
neighborhood U of x, there is a compact set A such that

xEmA)C A CU 1)
n
L))
()
FIGURE 1
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Plane R? is not compact, since it is not bounded.

Let
XER?
and let U represent any neighborhood of x. Then there exists r > 0 such that
XEB(x r)CU. (2
We have
B(x, ") C B(x, "l))C B(x,r)C U. 3)
The set
B(x, 72)
is a closed and bounded subset of R?, hence it is compact.
x € B(x, /) C B(x, /,)C U. @

Hence R? with the Pythagorean metric topology is locally compact.

® PROBLEM 16-33

Prove that any compact T,—space (X, T) is locally compact.

SOLUTION:

The criterion for local compactness given in Problem 16-32 is simpler
for the T)—spaces.

DEFINITION

Let (X, T) represent a T,—space. Then X is locally compact if and only if,
given any

xEX,
there is a compact set A, such that
x € Int(A).
[

One can prove that for T,—spaces, the existence of one compact subset A
of X such that x € Int(A) guarantees that for any neighborhood U of x, there is
a compact set B, such that

xEInt(B)CBC U.
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Let (X, T) be a compact T,—space. Then X is a compact neighborhood of any
xEX.

® PROBLEM 16-34

Let O represent the subspace of rational numbers in the space R of real
numbers with the absolute value topology. Show that Q is not locally

compact.

SOLUTION:
Space R is obviously locally compact.
Take any x € O and a compact set A such that
x € int(A). 1)
Remember that a subset A of R (or R") is compact, if and only if A is bounded

and closed.
Then A contains infinitely many elements of Q.

( A 9 x ) y o R
\ \ 7 7
\ a b
A4
Int(A)
FIGURE 1
We can find rational numbers a and b, such that (a, b)) C R
x € (a, b) N QC Int(A). 2
Let g represent an irrational number, such that
q € (a, b). (€)
We define an open cover of A as follows:
foreacha €A,
if g<a {sER:a<s
v@-{" 70 }
if g>a {tER:t<a} 4)

{U(a) NA : a EA} is an open cover of A which has not finite subcover. Hence
Q is not locally compact.
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® PROBLEM 16-35

Prove the following

THEOREM

If (X, T) is a Hausdorff space (i.e., a T,—space) locally compact, then
(X, 7) is a regular space

SOLUTION:

We shall apply the results of Problem 13-17. A space (X, T) is regular iff
given any x € X and any neighborhood U of x, there is a neighborhood V of x

such that

vcu.

Let (X, T) represent a locally compact T,—space. If x € X, and U is any neigh-
borhood of x, then there is a compact set A, such that
xEmA)CACU (€))

(see Problem 16-32).
Since A is compact, A is closed, hence

Int(A) C A. )
We define V as
V= Int(A) €))
and obtain
xevCvCu ©)

Since Vis a neighborhood of x, (X, 7) is regular.

® PROBLEM 16-36

1. Show that an open subspace of a locally compact space is locally
compact.

2. Show that a closed subspace of a locally compact T,—space is locally
compact.
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SOLUTION:

1. Let U represent an open subspace of a locally compact space (X, 7) and
xeU.

FIGURE 1

Let V represent any neighborhood of x, such that

xeVCU 1)
Since (X, 7) is locally compact, a compact set A exists such that
xEmA)CACYV. 2)

Hence, U is locally compact.

2. Let F represent a closed subspace of X and x € F and let A represent any
compact subset of X, such that

x € Int(A) CA. 3)
A is closed because (X, T) is T,. The set
FNA
is a closed subset of the compact set A and thus, is compact. We have
xEm((FNA)CFNACF 4)

Where Int(F N A) denotes Int(F N A) in F.
By definition in Problem 16-33, we conclude that since F is T, F is lo-
cally compact.

® PROBLEM 16-37

In Problem 16-6, we showed that compactness is preserved by continu-

ous functions. One can find examples showing that local compactness is
not preserved by continuous functions. Prove the following:
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THEOREM

Iff: (X, T) = (Y, T) is a continuous, open function from a locally

compact space (X, T) onto Y, then (Y, T) is also locally compact.

a
SOLUTION:
A function f: X — Y'is said to be open, if for any open subset U C X, AU)
isopeninY.

FIGURE 1

Let y € Y and U represent a neighborhood of y. For some x €EX
fx)=y.
Since fis continuous, an open set V exists, such that
xEVET and AV)CU.
Since (X, T) is locally compact, there is a compact set B such that
xEmB)YTBCYV.
Then
y=f(x) EAint BYC AB)C U.

Since f is open, f{Int B) is open. Since B is compact and f is continuous, f{B) is
compact. Thus, Y is locally compact.

® PROBLEM 16-38

Prove the existence of a Lebesque number described in this theorem.

THEOREM

If (X, d) is a compact metric space and {U,} is an open cover of X,

then there is a positive number r > 0, such that

B(x, r) CU, for some a for any x € X.
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That is, number r > 0 exists such that the —neighborhood B(x, r) of
any point x € X is a subset of at least one of U,. Number r is called a
Lebesque number of the cover.

SOLUTION:

Since {U,} is a cover of X, each x € X belongs to at least one U,,. Each U,,
is open, hence for eachx €EX

xEB(x,r,) CU,. 1)

The collection of sets
r,

{B(x,?x) X EX} )
forms an open cover of X and since X is compact, a finite subcover of (2) ex-
ists [\ [ r)

Bix,=' ... Bl x,=>={
{ \T2 U2 /} 3)
The Lebesque number is defined by
r, r
(I @
r-mm( ) )

Indeed, let x € X then
r

X
X EB(xk, ) )

for some 1 sk <n. Let

yEBx 1) ®)
then r,
d(y,x,) sd(y,x) + d(x,x,) <r + 2‘ ST (6)
Thus
B(x,r) CB(x,, rxk) cu, )
for some U,,.

® PROBLEM 16-39

Show that the function f: R —= R

flx) =2x

is uniformly continuous.
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SOLUTION:

The function

fiX—>Y Q)

from a metric space (X, d) into a metric space (¥, d°) is said to be uniformly
continuous if for every € > 0, there is d > 0 such that for every x EX

f (B(x, 8)) & B(f(x), ¢). ©)

FIGURE 1

Let us choose any € > 0 and set 8 = ¢/,, then for any x EX

f B(x, 8)) C B(ftx), ). 4)
Indeed let
y € B(x, 0)
then
lx=y|<*,
and
) -fy)|=12x-2y|<2- % =¢. ©)

Thus, fis uniformly continuous.

® PROBLEM 16-40

Let f : X — Y represent a continuous function from a compact metric

space (X, d) into a metric space (Y, d°). Show that f is uniformly con-
tinuous.
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SOLUTION:

Let € represent any positive number, € > 0. We can define an open cover
of Yas

{B(y, *h):y EY}. (1)
Since fis a continuous function, each f~1(B(y, ¢/,)) is an open set in X and
{f~'B(y, 1))} )

is an open cover of X. But X is a compact metric space. Hence, by Problem
16-38, a Lebesque number r exists for cover (2).

Then for each x € X,
fB(x, @)) C B(f(x), ©). €)
Indeed, from the definition of the Lebesque number (r = q)
B(x, r) Cf(B(y, ) 4)
where fix) =y

® PROBLEM 16-41

Let (R?, d) represent R? space with the Pythagorean distance. Show that
the subset B(x, 1) C R?, where x = (1, 1), is totally bounded.

SOLUTION:

FIGURE 1

Let A represent a subset of a metric space (X, d) and let € > 0. An e—net for
A is a finite set of points in X

603



N={x;, x5, ..., X}

such that for every x €A, x; € N exists, such that

d(xy, x) < €.

FIGURE 2

DEFINITION

A subset A of a metric space (X, d) is totally bounded if A has an e-net for
every € > 0.

Let € > 0. As an e-net for a circle B(x, 1) with the center at x = (1, 1) and
radius 1, we can choose all points inside the circle B(x, 1) with coordinates

1,1),(1,1x¢),(1,1£2¢),...,(1x¢, 1), (1£2¢,1), ...,

ooy (1 ke, 1 % ng)

where n and k are positive integers. Note that we are not looking for the
smallest number of elements to form an e-net.

® PROBLEM 16-42

Prove:

THEOREM

Totally bounded sets are bounded.

SOLUTION:
The diameter of A, 8(A), is defined by
d(A) = sup {d(x, x") : x, x” EA}. 1)
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Set A is bounded if

(A) < @)
Suppose A is a totally bounded set and let
N={x, %5 ..., %} 3)

be €-net for A.
Let x, x” € A be any elements of A. Then two elements of N exist, x; and x,,,,
such that

dix,x)<e dx’,x,) <e. 4
Also for any x;, x,, EN
d(x); Xpm) <p < ® ©)
where p is some positive finite number.
We have
d(x,x") sd(x, x)) + d(x;, x") =
sd(x, x)) + d(x’, x,) + d(x,, X)) <
<E+E+p< ™, 6)
Hence
3(A) =sup {d(x, x'): x,x" EA} < @)

and A is bounded.

® PROBLEM 16-43

Give an example of a bounded set which is not totally bounded.

SOLUTION:

We shall first define Hilbert space H. By R® we denote the class of all
infinite sequences

(al, a, ...) (1)
such that 5

Y % <. @)

n=1

Leta, b € R® and
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a= (al, a,, ...) b= (bl’ b2, ...) (3)

then the /,—metric on R is defined by

d(a,b) = [ X |an-bal. @

n=1

The metric space (R*, d) with the ,—metric is called Hilbert space, or l,—space,
and denoted by H. Let A represent a subset of H consisting of elements

e1=(1,0,0,...)
e, = (O, 1, O, ...)

e3=(0,0,1,...)
Then
d(ej,ek) =v1+1=4/2 5)
and A is bounded because
0(A) = sup{d(ej, e): € e, EA} = 1/5 < 00, (©6)

But A is not totally bounded. Let € = !/, then, e-net of A consists of all ele-
ments of A. The infinite set A cannot be separated into a finite number of
subsets, each with diameter less than € = 1/,.

® PROBLEM 16-44

Show that sequentially compact subsets of a metric space are totally
bounded.

SOLUTION:

Let A represent a subset of a metric space (X, d). We shall prove that if A
is not totally bounded, then A is not sequentially compact. Suppose A is not
totally bounded, then € > 0 exists, such that no finite €-net of A exists. Let a,
€ A. See Figure 1.

Then a, € A exists, such that
d(a,, ay) = €.
Otherwise {a,} would be €-net. A point a3 € A exists, such that

d(a,, a3) =z €
d(ala a2) z€
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FIGURE 1

Otherwise {a,, a,} would be €-net. Following this procedure, we obtain a se-
quence of points

(ab a, as, -'-),
such that
d(a,ay)z¢ forl=k.

This sequence (a,, a,, ...) does not have any convergent subsequence. Thus,
A is not sequentially compact.

® PROBLEM 16-45

Show that if A is a countably compact subset of a metric space (X, d), then
A is also sequentially compact.

SOLUTION:
Let

(al’ a, ) (1)

represent a sequence in A. We shall show that a subsequence of (1) exists
which converges to a point in A. If the set

{ab a, } (2)

is finite then one of the elements, say a;, of (2) appears infinitely many times
in (1). Hence the subsequence

(@nanay -..) 3
of (1) converges to a; EA.
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Suppose (2) is infinite. By hypothesis, A is countably compact. Hence, the
infinite subset of A

{ay, a3, a3, ...}

has an accumulation point a in A. Since (X, d) is a metric space, we can choose
a subsequence

(a,,l, a,,a,,...) (@)

2 3

of (1), which converges to a € A. Thus, A is sequentially compact.

® PROBLEM 16-46

Prove this theorem:
THEOREM

If (X, d) is a metric space, then the following statements are equiva-
lent:

1. Xis compact.

2. X is countably compact

3. X s sequentially compact.

SOLUTION:

In Problem 1628, we proved that any compact space is countably com-
pact. Hence

1 =2

for any metric space.
In Problem 1645, we proved that any countably compact metric space is
sequentially compact. Hence

2 = 3.

We shall prove that if a subset A of a metric space (X, d) is sequentially com-
pact, then it is compact, i.e., 3 = 1.

Let A be sequentially compact and let {U,} be an open cover of A. Set
{U,} has a Lebesque number r > 0, since every open cover of a sequentially
compact subset of a metric space has a Lebesque number. Since A is totally
bounded, there is a decomposition of A into a finite number of subsets
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By, By, ..., By

such that d(B,), d(B,), ..., d(B;) < r. But r is a Lebesque number of A, hence
open sets exist such that

B,CU, ,.

B, CU,.

Thus
ACB, U...UBkCUoll U...UUak
and {U, ,...,U, } is a finite subcover of {U,}. A is compact and
| k 1 2 3.

® PROBLEM 16-47

Show that any countably compact metric space (X, d) is separable.

SOLUTION:

Let s represent any positive number. For any s, there is a maximal subset
A, of X, such that for any a, b E A,

d(a, b) = s. 1)

Suppose Ay is infinite for some s > 0, then A has an accumulation point y. Then
B(y, $/,) contains infinitely many points of A;. But any of these points are
closer than s. Thus, a contradiction and A; is finite for each s. But then for any
xeX

A, N B, 5) = 0. @

Otherwise we would obtain a contradiction to the maximality of A,. For each
positive integer n we find A | . Then

" UAa .

neN

is a countable dense subset of X. Hence X is separable.

® PROBLEM 16-48

Find an example of a compactification of the open interval (0, 1) with
the absolute value topology.
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SOLUTION:
DEFINITION OF COMPACTIFICATION

Let (X, T) represent any topological space. A compactification of X is
a compact space (Y, T"), such that X is homeomorphic to a dense subspace
of Y.

Note that by compactification of X, we understand a space Y and a ho-
meomorphism from X onto a dense subspace of Y.

f: X2

fis homeomorphism
ZisdenseinY
FIGURE 1

Thus, for a given X and Y, it is possible to find more than one compactifica-
tion (possibly infinitely many).
Two possible compactifications of the open interval (0, 1) are the circle

and the closed interval [0, 1]. X

[0, 1]

(©, 1)

(0, 1)

FIGURE 2

Obviously (0, 1) is homeomorphic to a dense subset of [0, 1]. Also (0, 1)
is homeomorphic to a circle with one point removed.

610



® PROBLEM 16-49

Let P denote the (x, y) plane in the R3 space with the Euclidean topol-
ogy. Let S be the sphere of radius 1 and center at (0, 0, 1).

w

1
]
]
4
1
Ll
1
1}
)
)
1]
1)
"

V4

FIGURE 1
Show that S is a compactification of P.

SOLUTION:

Consider a line passing through the point N = (0, 0, 2) on the sphere S
and any point A on the sphere as shown in the figure.

Take any point A" on the plane, A € P. Then a line from A" to N
determines the image of A” on the sphere.

f:P—=S

is defined by
fia)=4.

f is one-to-one and onto and both f and f-! are continuous. Hence, fis a ho-
meomorphism from the plane P onto the subset S — {N} of S. Obviously P is
not compact, while S is compact.

The set S — {N} is dense in S. Thus, S is a compactification of P.

® PROBLEM 16-50

Define the Alexandroff (sometimes called one-point) compactification
of a T,—space.
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SOLUTION:

Let (X, T) represent any T,—space. If X is compact then we define the
Alexandroff compactification of X to be X itself.

Now suppose X is not compact. Let A be any point which does not be-
long to X. We define

Y=XU {A}

and the topology on Y as follows: U is open in Y if U is open in X, i.e., U €
T;orif A € U, then Y- U is a compact subset of X.

The Alexandroff, or one-point, compactification of X is defined as the set
Y with the topology defined above.

Point A is called an ideal point. It can be shown that

1. Yis a topological space
2. Yis compact
3. XisdenseinY.

It can be also proved that:
THEOREM

The Alexandroff compactification Y of any topological T,—space, (X, T) is
a topological space and it is a compactification of X in the sense of the defi-
nition of Problem 16-48.

® PROBLEM 16-51

Prove the following:

THEOREM

The Alexandroff compactification of a space (X, 7) is T, if and only
if X is T and locally compact.

SOLUTION:

Suppose (X, T) is compact. Then the Alexandroff compactification of X
is X itself.

Then if X is T, , X is T, and also locally compact. Also if X is T, and lo-
cally compact, then X is T5.

Suppose X is not compact and Y is its Alexandroff compactification. If Y
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is T, then X is T,, since X is a subspace of Y.
Since Yis T, and compact, Y is also locally compact. X is locally compact

as an open subspace of Y.
Now suppose X is T, and locally compact. Let x and y represent elements
of Y, x=y. If x, y E X, then open sets U and V exist such that

x€U and y€EV

UNnvs=¢

because X is 75.
Suppose x = A (A is an ideal point). Then y € X and a compact subset B

of X exists, such that
yE Int BCB.
Hence Y - B is a neighborhood of x = A and Int B is a neighborhood of y and
(Y-B)N mntB=¢.
Thus Yis 7.
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® PROBLEM 17-1

Show that any set X, consisting of two or more points, with discrete
topology is disconnected.

SOLUTION:
DEFINITION OF MUTUAL SEPARATION

In the space (X, T), two nonempty, disjoint sets U C X, V C X are said to
be mutually separated if neither U, nor V contains a boundary point of the
other.

|

DEFINITION OF CONNECTED SPACES

A space (X, 7T) is said to be disconnected if the set X can be expressed as
the union of multiple, mutually separated, nonempty subsets of X. The set X
is connected if it is not disconnected, (see Figure 1).

X=UuV -

UNnVe=d

FIGURE 1

Space (X, T) with the discrete topology consisting of more than one point
is disconnected. Indeed take any

xEX (0]
and consider the sets
{x} and X-{x}. @)
Both sets (2) are open, nonempty, and disjoint. Their union is X
{x}UX-{x}]=X ©))

Any set with the trivial topology is connected since the only nonempty open
subset of X is X itself.
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® PROBLEM 17-2

Show that connectedness is a topological property.

SOLUTION:

We shall prove that if f: (X, T) — (Y, T") is a continuous function onto Y
and X is connected, then Y is connected.
f:X>Y Y

/\

X

FIGURE 1

Suppose Y is not connected. Then there are open sets U and V such that
Y=UUV, UNV=y. D)

Since fis continuous, then both f~1(U), and f1(V) are open subsets of X. Since
fis a bijection then

AU NFW)=¢ ®)
and
) I m=x. ©)

Hence X is disconnected which is a contradiction. Therefore, Y is connected.
For example, if X is a connected space and R is an equivalence relation on
R, then the identification space 4/ is connected.

ol

The identification mapping f : X — 4/ is continuous.

FIGURE 2
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® PROBLEM 17-3

Show that if (X, 7) is any topological space, then the following state-
ments are equivalent:

1. X is connected.

2. X cannot be expressed as the union of two nonempty, disjoint, closed
subsets.

SOLUTION:
1. = 2.
Suppose X is connected and two sets F and G exist such that
X=FUGand FNG=¢ (1)
and F, G are nonempty and closed in X. Then
G=X-F
F=X-G 2
as complements of closed sets are open. Hence,
X=FUG

is the union of disjoint, nonempty, open subsets of X. Thus, X is not con-
nected.

2. = 1.
Suppose X is disconnected. Then open sets U, V exist such that

X=UUV, UNV=¢ 3
where U, V are nonempty. Then
U=X-V and V=X-U.

Hence, U and V are closed, a contradiction with 2.

® PROBLEM 17-4

Let (X, T) be any topological space. Show that the following statements
are equivalent:
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1. X s connected.

2. The only subsets of X which are open and closed are X and ¢.

3. No continuous
f:X—=Y

is onto, where Y = {0, 1} with the discrete topology.

SOLUTION:

1. = 2.
Suppose A C X is both open and closed, then

AandX-A

are both open and
AUX-A)=X, ANKX-A)=+¢.
Hence, X is disconnected, a contradiction.

2. =3.
Suppose

f:X—{0,1}
is a continuous and onto. Then
f10) = ¢, f71(0) = X.
Since the subset {0} of {0, 1} is open and closed,
f70)
is open and closed in X. Contradiction.

3. = 1.
Let U and V be disjoint, nonempty, open sets, such that

X=UUYV.
The U and V are also closed. The characteristic function
X4 : X — {0, 1}

is continuous and onto.
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® PROBLEM 17-5

Suppose (X, 7) is a space such that

X=UUV

Unvs=¢ (1)

where U and V are open, nonempty subsets of X. Show that if A is any
connected subset of X, then either

ACU or ACV. 2
SOLUTION:
X T)
FIGURE 1
Suppose
ANU=¢ and ANV=¢. 3)

Then sets A N U and A N V are nonempty, disjoint subsets of A which are open
inA. Then

A=ANTV)U@ANY). )

Hence, A is not connected.
Therefore, either A N U = ¢ orA N V = ¢. Hence, we have

ACV or ACU.

Note that a subset A of X is said to be connected if the subspace A is con-
nected.

® PROBLEM 17-6

' Let A and B be connected sets which are not mutually separated. Show I
that
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is connected.

SOLUTION:

For working convenience write the definition of mutually separated sets,
as given in Problem 17-1, in terms of set theory.

DEFINITION OF MUTUALLY SEPARATED SETS

In the topological space (X, 7), A C X and B C X are said to be mutually
separated if

ANB=¢
ANB=¢
ANFB=¢

Suppose A U B is disconnected. Then
AUB=UUYV.
Since A is a connected subset of A U B, we have either
ACU o ACV

by Problem 17-5.
Also, either

BCU or BCV.
IfACUand BCV(orA CVand B CU),then
A=AUB)NU

B=AUB)NV
are separated sets, a contradiction with the hypothesis. Thus, either
AUBCU or AUBCV.

Therefore, U U V'is not a disconnection of A U B and A U B is connected.
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® PROBLEM 17-7

Prove the following:
THEOREM

The union of any family of connected subsets of any space (X, T)
having at least one point in common is also connected.

|
SOLUTION:
Let {A,} be a family of connected subsets of X such that for each a
X0 S Aa
A=Ua,
a

x, € O A,
Let (Y, T") be the space Y = {0, 1} with discrete topology. Let

f:A—>Y

be continuous. Since each A, is connected and each f | A, is continuous, no
f| Aq is onto. Because for each o

X0 S Aa
we obtain
fix) = fixg)
for each x € A, for all a. Hence, f is not onto and LaJ A, is connected.

Note that the intersection of two connected sets need not be connected.

® PROBLEM 17-8

Let A be a connected subset of (X, T) and let
ACBCA

Show that B is connected.
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SOLUTION:

Suppose B is disconnected, then
B=UUV.

Since A is a connected subset of B, we have either
ANU=¢ or ANV=.
Suppose A N U = ¢. Then X — U is closed and

>|

FIGURE 1

ACBCACX-U.
Thus,
BNU=¢.

This is in contradiction with B = U U V. Hence, B is connected.

® PROBLEM 17-9

Show that the only connected subsets of R with the absolute value to-

pology, having more than one point, are R and the intervals (open, closed,
half-open).

SOLUTION:
We shall show that

(Y connected subset of R) <> (Y'is an interval).

=> Suppose Y is connected and is not an interval. Then there are
a,bEY and c€&Y ¢))
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such that a < ¢ < b. Then

YN{x:x>c}

YN{x:x<c} ()
is a decomposition of Y, since both sets (2) are open, disjoint, and nonempty.

<= Suppose Y is an interval and is not connected. Then disjoint, nonempty,
open sets A, B exist such that

Y=AUB ?3)

1
L]
b
FIGURE 1

we can find a €A, b € B, such that

a<b. 4)
Let us define
w=sup {x: [a, x) CA} %)
and since Y is an interval,
w€E€Y wsbh. 6)
We have
® E Ay (7
and since
A=Y-B
is closed in Y, we have
wEA. 8)

But, A is also open in Y, hence, € > 0 exists such that
(w—e,w+€)CA ©)

which contradicts the definition of w.
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® PROBLEM 17-10

Prove the following variation of the fixed-point theorem:

THEOREM 1
If f: [0, 1] — [0, 1] is continuous, then xo € [0, 1] exists such that
ftxo) = xo.
[
SOLUTION:
Y|
1
f(x)
(X0, Xo)
Y 1 X

FIGURE 1

In Problem 17-2, we proved that a continuous image of a connected set
is connected. The only connected subsets (consisting of more than one point)
of R are intervals. Hence, the conclusion in the form of a theorem.

THEOREM 2

If f: X — R is a continuous function defined on a connected set X, then f
assumes all values between any two of its values.

Theorem 1 is a conclusion of Theorem 2. Also note that the graph of the
continuous function

f:10,1] =10, 1]
is located in the square
[0, 1] x [0, 1].
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Hence, it must intersect the diagonal joining (0, 0) with (1, 1). Therefore,
point xy € [0, 1] exists such that

f(x0) = xo.

® PROBLEM 17-11

Consider Theorem 1 of Problem 17-10. Prove this theorem using the
sets

U={(xy):x<y}

V={(xy) :x>y}
Observe that the graph of fis connected.

Y|

(x, f(x))

FIGURE 1

SOLUTION:
If f(0) = 0 or f(1) = 1, the theorem is proved. Otherwise
f(0)>0 and f(1)<1 )
then
O,fONEU (@, f)EV. €)
Suppose the graph of f
F={(xy):x€[0,1],y =fix)} 4)
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does not contain any points of the diagonal

D={(xy):x=y}. ®)

Then U U Vis a disconnection of F. But F is connected as a continuous im-
age of a connected set. Contradiction. Thus, F contains a point (xg, xo) of the
diagonal, hence

f(x0) = xo. )

® PROBLEM 17-12

Let (X, T) be a space such that for any two elements
x,yeX
a connected set A C X exists such that

X,y EA.

FIGURE 1

Show that (X, T) is connected.

SOLUTION:

Let x be a fixed element of X. Then, for any y € X there exists a connected
subspace A(x, y) of X such that

x y EA(x, ).

Consider the family of sets
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Ak y):y €X} 3)

which consists of connected subspaces of X and

X=UA(xy). (4)
The intersection of (3) is nonemptyy
XeNAk,y).
(1 AC) 5)

By Problem 17-7, we conclude that (X, 7) is connected.

® PROBLEM 17-13

Apply Problem 17-12 to show that the Euclidean n-space R" (n > 1) with
one point S removed

R"—{S}

is connected.

SOLUTION:

*S

FIGURE 1

Suppose P and P are any two points of R” — {S}. Any closed line seg-
ment in the Euclidean space R” is homeomorphic to the closed interval [0, 1].
Hence, it is a connected subspace of R". We choose point P** € R” — {S} such
that

S¢& PP~

and
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S&EPP.
The sets PP”” and P”” P’ are connected and their intersection is nonempty
PP”"NP’'P ={P"} »=¢.

Hence,
PPI) U PI)P)

is connected.
Points P and P’ belong to the connected subspace of R" — {S}. Hence,
R7— {8} is connected. Note that this is not true forn = 1.

® PROBLEM 17-14

Which of the subsets of R? are polygonally connected?

FIGURE 1

3.C

4. AUB

SOLUTION:
DEFINITION OF A PATH AND PATH-CONNECTED SPACES

A subspace Y of any space (X, 7) is said to be a path in X if there is a con-
tinuous function from [0, 1] (with the absolute value topology)

f:[0,1]=Y

onto Y.
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£:[0, 1> Y

FIGURE 2
X is said to be path-connected if any two points x, y of X belong to some path
in X.
|

Consider the Euclidean space R". A subset A C R” is said to be poly-
gonally connected if for any x, y € A there are points

X = X0y X1s o0y Xg—1s Xk =Y

such that

i+l

k-1
Uxx _CA
i=0

where x; x;, ; is a closed segment joining x; and x; , ;.

FIGURE 3

Hence, A, B, and C are polygonally connected, while A U B is not.
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® PROBLEM 17-15

1. Show that a subset of R, which is path-connected, does not have to
be polygonally connected.

2. Give an example of a connected subspace of R? which is not path-
connected.

SOLUTION:
1. The circle

{xy):x2+y>=1} R?

is path-connected, but is not polygonally connected.

2. Consider the set
A ={(x, ¥):y =sin 1/, x > 0} U {0, 0}

which is a subset of R2.

1 - - " - R = e =

sin —

(0. 0)

FIGURE 1

From Problem 17-8 we see that A is connected.

But A is not path-connected. There is no path in A which contains (0, 0)
and any point P = (0, 0) of A. Otherwise the function f{x) = sin /,, x > 0 would
be continuous.
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® PROBLEM 17-16

Prove that any polygonally connected subspace of R" is path-connected.

SOLUTION:

FIGURE 1

Let A C R" be polygonally connected and let x, y be any points in A.
Since A is polygonally connected, there are points x = xg, Xi, ..., Xy = y
such that 1
U XiXi+l CA
k-1 i=0
Set UxiXis1 isa path. A continuous function exists

i=0 k-1
£:10,1]1 =\ xixi1.
i=0
Hence, A is path-connected.

® PROBLEM 17-17

Let

f:[0,1] =X, f(0)=a,f(1)=b
be a path froma € X to b € X and

g:[0,1] =X, g(0)=b,g(1)=c
be a path frombEX toc EX.
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FIGURE 1

Show that the juxtaposition of the two paths fand g is a path from a to c.

SOLUTION:

The juxtaposition of the two paths f and g, denoted by f o g is defined as
follows:

fog:[0,1] =X

f(20) for Osts,

N

(fog()s= .
i gRt-1) for zsts1
Note that (fog) 0)=f(0)=a
(fog) (Y2)=f1)=b=g(0)
and (fog)(M)=g(l)=c

Thus, fo g is a path from a to c.

® PROBLEM 17-18

1. Show that if (X, T) is a path-connected space, then X is connected.

2. Explain why any convex subset of R” is connected.
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SOLUTION:

1. In Problem 17-7 we proved that if (X, 7) is a space and
X=UA.

where {A.} is a collection of connec'taed subspaces of X and
MNAa = ¢

contained in some connected suol;space of X, then X is connected.

Suppose X is path-connected and x € X. Then for each y € X, P(x, y) de-
notes a path from x to y.

FIGURE 1
Then
X =U P(x,y)
yEX
and
XEM P(x,y) = .
yeEX

Since each P(x, y) is connected (as a continuous image of a connected set
[0, 1]), X is connected.

> SN

o —— -
-

FIGURE 2
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A subset A of R" is convex if, for any points x and y of A, the closed seg-
ment Xy is a subset of A.

Any convex subset of R” is polygonally connected and, hence, by Prob-
lem 17-16, is path-connected and, hence, is connected.

® PROBLEM 17-19

Prove the following theorem concerning the Euclidean R" spaces.

THEOREM

If U is an open connected subset of R”, then U is polygonally con-
nected.
[ |

SOLUTION:

Suppose U C R" is open and connected and u € U.
Let X be all points of U which can be polygonally connected with u

Rn
FIGURE 1
X = {x € U : x can be polygonally connected to u € U}. 1)
Let
Y=U-X. @

Since U is open for any x € X, there is an open neighborhood V of x such that
u can be polygonally connected with any point of V; hence,

VCX. 3)

Therefore, X is open.

634



The set Y = U — X consists of elements which cannot be polygonally con-
nected to u. By the same argument Y is open. Thus,

U=XUY,XNY=¢ )

where X and Y are disjoint open subsets of U. Since U is connected, we have
two options:

either X=¢, Y=U

or X=U, Y=¢ ®)
Since uEX,X=¢

and X=U, Y=¢

and U is polygonally connected.

® PROBLEM 17-20

Show that for any # > 1, R" is not homeomorphic to R.

SOLUTION:

Consider the space R (with the absolute value topology) with one point
removed R — {a}.

R"- (S}
S . x__‘ R—{a}
A,
a
A,
FIGURE 1
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Then R is disconnected into two disjoint open sets
A ={xER:x>a}

Ay={xER:x<a}

Hence, R — {a} is disconnected. Suppose R" (n > 1) is homeomorphic to R, then
for any point S € R", R" — {S} is not connected.

In Problem 17-13, we showed that R” — {S} is connected. Therefore, R"
is not homeomorphic to R.

® PROBLEM 17-21

In Problem 17-18 we proved that

((X, T) is path-connected) = ((X, T) is connected).

Show that the converse of this theorem is not true.

SOLUTION:

Y PN

FIGURE 1

Let A and B be the subsets of R?
A={0,y):Y;sys=s1}
B={(x,sinV):0<x=<1}.

Set A is a closed interval and B is a continuous image of a closed inter-
val; hence, both are connected. Each point of A is an accumulation point of
B, hence A and B are not separated. Thus,
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AUB

is connected.

But A U B is not path-connected. There is no path connecting any point
of A with any point of B.

The converse implication is not true.

® PROBLEM 17-22

Show that the continuous image of a path-connected set is path-con-

nected.

SOLUTION:

Let A C X be path-connected and let f : X — Y be continuous. We shall
show that f{A) is path-connected. Let a, b € f(A), then a’, b € A (not neces-
sarily uniquely defined) exist that

fla)=a and f(b)=b.

FIGURE 1

Since A is path-connected, there is a continuous function
g:[0,1]1—=A

such that g(0)=a", g(1) =b".
Since both f and g are continuous,

fog:[0,1] = fiA)

is continuous and

fig0) =fa)=a
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fle()) = fib") = b.
Thus, f(A) is path-connected.

® PROBLEM 17-23

1. Show that an open disc in the Euclidean R? plane is path-connected
(do not use results of Problem 17-19).

2. Let P be a class of path-connected subsets of X with a nonempty in-
tersection
P={A,: 0 EA}.

Show that

A=UaAa,

is path-connected.

SOLUTION:
1. Let p and q be any points of an open disc in the R? plane.
p=(x1,y1)
q=(x2,¥2)
FIGURE 1

A path from p to g may be defined as
f:[0,1] = R?

f(®) = (xy + txz —x1), y1 + Uy2—y1))
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for ¢t € [0, 1]. Then f(¢) is the line segment between p and g. For all points p
and g in the open disc, f(¢) is a path contained completely in the disc. There-
fore the open disc in R? is path-connected.

2. Letx, y €EA. Path-connected sets exist such that
x€A,, yEA,
A, AJEP.
Nonempty intersection Q A contains at least one point, say q
q €M A
Then x, g €A, and there is a path ’
f:0,1] = A,

f0) =x,f(1) =q.
Similarly, there is a path
g:[0,1] =4,

g(0)=q, q(1)=y.

The juxtaposition of f and g is a path from x to y (see Problem 17-17). Hence,
A is path-connected.

® PROBLEM 17-24

Let X be connected and let P = {A,} be an open cover of X. Show that

any pair of points of X can be joined by a simple chain consisting of
elements of P.

SOLUTION:
DEFINITION OF A SIMPLE CHAIN

Subsets Ay, Aj, ..., Ag of X are said to form a simple chain joining points
xand y in X if

1. only A, contains x

2. only Ak contains y
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3. A;NA;=¢iff|i—j|>1
|

Let x be any point in X and let B be the set consisting of all points of X
which can be joined to x by a simple chain consisting of elements of P.

Since x € B, B = ¢. We shall prove that B is both open and closed, i.e., B =
X because X is connected.

B is open.
Let b € B, then there is a simple chain A, A,, ..., A; from x to b.

FIGURE 1
Note that all elements of A, belong to B (chain A,, ..., A; connects any ele-

ment of A; with x). Hence,

bEA, CB.

Since A, is open, B is open.

B is closed.
Suppose

yé&B.
Since P is a cover of X, there is an open A, € P such that

YEA,

FIGURE 2

640



Suppose
A NB=¢

then there is some chain from y to x and y € B, contradiction.
Thus,

A NB=¢
and
yEA, CX-B
Hence, X — B is open and B is closed. We conclude
X =B.

® PROBLEM 17-25

Let C, and C, be subsets of R?
Ci={(xy):x*+y*<1}

C={xy):(x-20+y*<1}
Are C, and C, mutually separated?

[ R

FIGURE 1

SOLUTION:
DEFINITION OF MUTUALLY SEPARATED SETS

Two sets A; and A, of a space (X, 7T) are said to be mutually separated if

ANA=ANA =¢.
u
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Wherez indicates the closure of A,. Hence,
Ci={(xy):x*+y*s1}
C={xy): x-2?+y*s 1}
and
c,NC,=C, NC,=4¢.

The sets C, and C, are mutually separated.

® PROBLEM 17-26

Not every subspace of a connected space is connected. The following
theorem enables us to determine whether or not a subspace of a given
space is connected.

THEOREM

A subspace A of (X, 7) is connected iff A cannot be expressed as the
union C U D, where C and D are nonempty, mutually separated subsets
of X.

Prove it.

SOLUTION:

If A is not connected, then
A=CUD and CND=¢ 1)

where C and D are nonempty subsets of A, which are open and closed in A.
Suppose

xECﬂB then x € C and x E D. 2
Since
CCA
XEAND=D,=D. 3)
Then
x€ECND=¢ )]

a contradiction.
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Hence,

CND=¢.
Similarly, we show that

DNC=¢.
Now, suppose

A=CUD

CND=DNC=¢ and C,D=¢.
Then
C,=CNA=(CUD)NC=
=(CNCOUMDNC)=CUp=C.
Similarly,
Dy=D

where BA indicates the closure of D in A, i.e., l—)A =DNA.
Hence, C and D are closed in A, and A is disconnected.

©)

(6)

()

®)

©)

® PROBLEM 17-27

1. Show that if a space (X, T) contains a connected dense subspace, then

X is connected.

2. Show that if (X, T) is connected then any compactification Y of X is
connected.

SOLUTION:

1. LetA C X be a connected dense subspace of X.
A=X.
In Problem 17-8 we proved that if A is a connected subset of (X, T) and

ACBCA

then B is connected.

Thus, _
ACXCA

and since A is connected, X is also connected.
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2. Remember that a compactification of (X, T) is a compact space (Y, T”) such
that X is homeomorphic to a dense subspace of Y.

In other words, X is a dense connected subspace of Y; hence, Y is con-
nected.

® PROBLEM 17-28

X={(xy):0<x,y=sinl/} U {(,0)} CR2

Apply Problem 17-8 to show that X is connected. (See following figure.)

SOLUTION:
Consider the set
A=X-{(0,0)}.
We define a function
y ‘ f:R—R?
"X
FIGURE 1

by

R D {x:x>0}3x— f(x)=(x,sin }/) ER2
Note that f is continuous. Hence, since {x : x > 0} is connected, A = X — {(0, 0)}
is connected as a continuous image of a connected set.

Since every neighborhood of (0, 0) contains an infinite amount of points
of A,

0,0)EA.
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We have
ACXCA.

Hence, since A is connected, by Problem 17-8, we conclude that X is con-
nected.

® PROBLEM 17-29

Show that a component A of a space (X, T) is closed.

SOLUTION:
A disconnected space has connected subspaces.

DEFINITION OF COMPONENT

A component A of (X, T) is a maximal connected subset of X.
|

We see that A is connected and A is not a proper subset of any connected
subset of X. By Problem 17-8 since

ACACA
A is connected.
But

ACA
and A is a maximal connected subspace of X; hence,
A=A,

Therefore, A is closed.

® PROBLEM 17-30

1. Let R be the space of real numbers with the absolute value topology
and let

A,={x ER:x>a}

A_={x ER:a>x}
where a € R. Find the components of R — {a}. A
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2. Let R? be the plane

FIGURE 1

with the Pythagorean topology and
Ci={(xy):x*+y* <1}

C={xy):(x-2y+y* <1}
Find the components of the space C; U C, C R2.

SOLUTION:

1. The components of

R-{a}=A, UA_

are A, and A_. Each is the maximal connected subspace of R — {a}.

2. Here the components of C; U C, are C, and C,.

® PROBLEM 17-31

Show that each element of (X, T) is contained in a component of X.

SOLUTION:

Obviously each element x of X is contained in at least one connected sub-
space of X, namely {x} C X. We will show that there is a maximal connected
subspace of X which contains x.
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FIGURE 1

Let
{Aq: 0 EA}
be the family of all connected subspaces of X which contains x,
x€EA, X

and A, is connected for each o € A. Then

Ua,
a
is a connected subspace of X which contains x. Indeed, since all A, are con-
nected and
xEMNA, =0
a
then by Problem 17-7, LGJ Ag is connected.

U A, is a maximal connected subspace of X which contains x and is unique.
a

® PROBLEM 17-32

Let {A,}, o € A be the set of components of a space (X, 7). Show that the
components of X form a partition of X, i.e., (see Figure 1 on following

page)

x=UA,
a

if o = B, then A, N Ay = ¢.
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FIGURE 1

SOLUTION:

Any element x of X belongs to at least one connected subspace of X (for
example, x € {x} C X). Thus, a maximal connected subspace of X contains x.

We have
xX=U A,
a

We will show that if o = 3, then A, N Ag = 0. Suppose . = 3 and A, NAg =0,
then A, U Ay is a connected subspace of X which contains both A, and Ag. A
contradiction arises because A, and Ag are maximal.

® PROBLEM 17-33

Prove that if a space has only a finite number of components, then each
component is open.

SOLUTION:
Let

be components of X.
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FIGURE 1

Then
X=A,U.. . UAg
Since each pair of components are disjoint sets
AiNAj=¢ fori=j
we have
A=X-(A,U... UAp).

In Problem 17-29 we proved that a component of a space is closed. There-
fore, since there are a finite number of components,

A, U ... UAg

is a closed set. Hence, A, is an open set. Similarly, we show that all sets A, A,,
..., Ag are open.

® PROBLEM 17-34

Show that a finite product of connected spaces is connected.

SOLUTION:

Let X and Y be connected spaces and let
p=x,y) EXxY

q=(x,y) EXxY. Y]
The set
{a}xY
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is homeomorphic to Y and since Y is connected, so is {x;} x Y. Similarly, we
show that

X x {y}

is connected since it is homeomorphic to X.
Therefore,

{x:1} x YU X x {y,}
is connected because
{(r1, y2)} = {x1} x YN X x {y} = ¢.
Also,
P, qE {x} xYUX x {y,}.

Hence, p and q belong to the same component. But p and g were chosen arbi-
trarily; hence, X x Y has only one component — itself.
We conclude that a finite product of connected spaces is connected.

® PROBLEM 17-35

Show that a product of connected spaces is connected.

SOLUTION:

Let

{Xy:aEA}
be a collection of connected spaces and let
X=x X,
a€A

be the product space.

Let

xeX
x=X,:aEA)

and let P X be the component to which x belongs, x € P.
We will show that an arbitrary point y € X belongs to P.
Let

F = X{X, :OL=-r=0t1,...,0t,,,}><L)ml x..x|J

Om
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be any basic open set containing y € X. The set

G=X{{X,}:a=a,..,0,}xX, x...xX,
1
is homeomorphic to

m

Xy x..oxX «,
hence, it is connected. |
Sincex€ G
GCP
where P is the component of x.
The set
FNG=¢
and PNP=é.
Thus,
yeEP=P.

X has one component; hence, it is connected.

® PROBLEM 17-36

Show that the space of real numbers R with the topology T generated by
the closed-open intervals [a, b) CR is totally disconnected.

SOLUTION:
DEFINITION OF TOTALLY DISCONNECTED SPACES

A topological space (X, T) is said to be totally disconnected if, for each

x,yeX
open nonempty sets exist, U and V such that
X=UUV
Unv=¢
and xelU, yeVv.
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Letx, y ER and x < y. We define
U=(-%,))
V=1[y + «).
Sets U and V are disjoint, open, nonempty sets and R = U U V. Also,
x€U and y€eV.

Thus, R with the topology generated by the closed-open intervals is totally
disconnected.

® PROBLEM 17-37

1. Show that the set Q of rational numbers with the absolute value to-
pology is totally disconnected.

2. Show that a totally disconnected space is T (i.e., Hausdorff).

SOLUTION:
1. Letx, yEQand

X<y
An irrational number a exists such that
x<a<y.
Define sets U and V
U={z€Q:z<a}

V={z€Q:z>a}.

Thus, U U Vis a disconnection of Q and
xelUyeV.

Q is totally disconnected.

2. Let (X, T) be totally disconnected and let
x, yEX.

Open, nonempty, disjoint sets U, V exist such that
x€eU and y€EV
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UNvVv=¢.
Hence, X is a Hausdorff space.

® PROBLEM 17-38

Prove that the components of a totally disconnected space are the sin-

gleton sets.
That statement leads to an equivalent definition of totally discon-

nected spaces. A space (X, T) is said to be totally disconnected if X is not
connected and the only connected subspaces of X are the singleton sub-
sets of X and ¢.

SOLUTION:
Suppose A C X is a component of X and

X, yEA, x=)y.
Since X is totally disconnected, there are sets U and V such that
X=UUV, UNV=¢
xeu, yeVv.

U and V are open.

\AnV

FIGURE 1

Hence, the sets
ANU and ANV

are nonempty, and U U V is a disconnection of A. But as a component, A has to
be connected.
Contradiction. Thus, A consists of one point.
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® PROBLEM 17-39

Show that a space X with the discrete topology is totally disconnected
and locally connected.

SOLUTION:

The only connected subsets of a discrete space are singleton sets and ¢.
Hence, X is totally disconnected.

DEFINITION OF LOCALLY CONNECTED SPACE

A space (X, T) is locally connected, if for any x € X and any neighbor-
hood U of x, there is a connected neighborhood V of x such that

VCU.

FIGURE 1

We can use this equivalent definition:
DEFINITION

Space (X, 7T) is said to be locally connected if there is an open neighbor-
hood system for T such that for each x € X, N, consists of connected sub-
spaces.

|
Let (X, T) be the space with discrete topology. For each
xeX
we define
N, = {{x}}

which establishes an open neighborhood system. Each subspace {x} is con-
nected.
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® PROBLEM 17-40

Consider the space
X={(xy):0<x,y=sin l/x} U {(0, 0)}.

Show that X is not locally connected. Use this space to show that local
connectedness is not preserved by a continuous function.

SOLUTION:

R —

B((0,0), ) -ﬂ

FIGURE 1

For any 0 < r < 1, B((0, 0), r) has an infinite number of components. X is
connected but not locally connected.

On the other hand, X is a continuous image of a locally connected space.

Hence, the local connectedness is not generally perserved by continuous
functions.

® PROBLEM 17-41

1. Let X and Y be locally connected. Show that X x Y is locally con-
nected.

2. Show that a component of a locally connected space X is open.
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SOLUTION:

1. Space X is locally connected if and only if X has a base B consisting of
connected sets. Also, Y has a base B” consisting of connected sets. Since X x
Yis a finite product, a base for X x Y is defined by

{UxV:U€EB,VEBRB}.
Each of the sets U x V is connected, since both U and V are connected. The

product X x Y has a base consisting of connected sets; hence, X x Y is locally
connected.

2. Let A be a component of a locally connected space X and
a €A

Since X is locally connected, a belongs to at least one open connected set
U, CA.

FIGURE 1

But A is a component of a; hence,
acU, CA

and
A=UJ U,.
a€A

Thus A is open, as the union of open sets is.

® PROBLEM 17-42

Show that a compact, locally connected space (X, T) has a finite number
of components.
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SOLUTION:
Let

(Ag:0EA}

be the family of components of X. Hence, {A,} forms an open cover of X.
Since X is compact, a finite subcover exists, say

Ay Ay s Ay
1 2 k

On the other hand, since {A} is the family of components, for o = f and o and
P €A, we have

Aa nAB= ¢.

Therefore, no A, can be omitted from {A,} and the remaining components still
form a cover of X.
Hence,

are all of the components of X.

® PROBLEM 17-43

Continuous functions do not preserve local connectedness. But continu-
ous open functions do. Prove:

THEOREM

If f is a continuous open function from a locally connected space

(X, T) onto (Y, T").
f:X—=Y

then Y'is locally connected.

SOLUTION:

fis a continuous open and onto function
f: X—>Y.

Let U be any neighborhood of y €Y.
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FIGURE 1

Since fis onto, x € X exists such that
f)=y.

fis continuous; hence, f-(U) is an open set x € f~1(U). But X is locally con-
nected; thus, there is a connected neighborhood V of x such that

x EVCfLU).
Since fis continuous and open, f(V) is a connected open set and
yEAV)CU.

Hence, Yis locally connected.

- @ PROBLEM 17-44

Prove the following:

THEOREM

If {X, : a € A} is a family of connected locally connected spaces,
then x X, is locally connected.
a

SOLUTION:
Let

x =(xy) ExX,
(¢}

and let U C x X, be the neighborhood of x. A member of the defining base
exists “
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B=U,x..xU, x( «x Xo)
k

1 axa ,..,0,
such that
xXEBCU
and
x, €U,.
]

!

Each coordinate space is locally connected; hence. connected open sub-

sets V exist such that
1

and

forl=1,2,... k.
Let
V=V, x..xV, x(
k a=

x X.)
ak

o,y

V is connected because each X, is connected and each V is connected.
Since V is open and !

xEVCBCU,

X is locally connected.

® PROBLEM 17-45

-1

FIGURE 1
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Which of the following sets is a continuum:
1. closed interval
2. closed n-dimensional cube

3. the set P of points defined by

y=sinl/,for0<|x|s1

|[y]s1 for x=0

SOLUTION:

A compact connected T,—space (X, T) is called a continuum.

Note that any closed, bounded, and connected subset of R” for any # is a
continuum. This is due to the fact that the closure of any bounded subset of
R™ is compact.

Also, any path in a T,—space is a continuum.

We see that each of the spaces described in 1, 2, and 3 is a continuum.

® PROBLEM 17-46

Prove this:

THEOREM

The union of two continuua which have a common point is a contin-
uum.

SOLUTION:

Let (X, T) and (Y, T") be compact connected spaces. We proved that a
topological space which is the union of two compact sets is compact.

Hence, X U Y is compact. We also proved the following:

If the sets A and B are connected and are not separated, then their union
is connected.

Hence, X U Y is connected.

Therefore, X U Y is a continuum.
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® PROBLEM 17-47

Let X and Y be continua such that
YAX
and let X — Y be the union of two disjoint open sets A and B. Show that

YUA and YUB

are continua.

ARANARALNNAN

FIGURE 1

SOLUTION:

We shall apply the following:
THEOREM
If Y is a connected subset of the connected space X and
X-Y=AUB
where A and B are separated, then the sets
YUA and YUB

are connected.
Note that sets A and B are separated, if

ANB=¢ and ANB=¢.
We conclude that Y U A and Y U B are continua.
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® PROBLEM 17-48

Prove the following:
THEOREM

If f: X — Y is a homeomorphism and X is a continuum, then Y'is a
continuum.

SOLUTION:
We shall apply two theorems.

THEOREM

The continuous image of a compact set is compact.

THEOREM

The image under a continuous mapping of a connected space is a con-
nected space.

Also, if f: X — Yis a homeomorphism and X is T,, then Y'is T5.

Hence, if the spaces are homeomorphic and one is a continuum, then the
other one is also a continuum.

The above proved theorem is a generalization of the theorem from analy-
sis. Suppose X is a continuum and f is a homeomorphic real-valued function,
then f(X) is either a single point or a closed interval.
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® PROBLEM 18-1

Show that if X is metrizable, then X x X is also metrizable.

SOLUTION:

Suppose (X, T) is metrizable.
DEFINITION OF METRIZABLE SPACE

A space (X, T) is said to be metrizable if a metric d can be defined on X
such that the topology induced by d is T. Otherwise, the space X is called non-
metrizable.

|

Metric d exists such that d induces T. We define topology on X x X in the
usual way. It can be proved that this topology is induced by the metric

d” ((x1, X2), (01, ¥2)) = d(x1, 1) + d(x2, y2)-
Hence, if X is metrizable, so is X x X.

® PROBLEM 18-2

R is the space of real numbers with the topology T generated by the ba-

s . .
.

sis consisting of open intervals. Show that (R, T) is metrizable.

SOLUTION:

C G

FIGURE 1

Suppose a metric space (X, d) is given. The metric d induces a certain to-
pology T, on X.

X dD—X Ty

664



In the metric space (X, d) a d-ball of radius r and center a is defined by
B(a,r)={x€X:d(x,a)<r}.
The family
{B(a,r):a€X,r>0}

of all d-balls in X can serve as the basis for topology T.

Hence, we obtain a topology T on X determined (or induced) by the met-
ricd.

Let R be the space of real numbers with the absolute value metric. Then
this metric induces a topology with the open intervals as the basis. Hence, R

with the topology generated by the basis consisting of open intervals is
metrizable. The metric we are looking for is the absolute value metric.

® PROBLEM 18-3

Let {(X,, d,) : n € N} be a countable family of second countable metric
spaces.

1. Show that the product space
X
N
is second countable.

2. Show that

d(x, y) - EN l'l'lin(dngflm yn)al) .

is a metric on xX,,, where

X = (X, X0y ooy Xy +22); Xy Yn EX,,

Y=01Y2 s Yy --2)

SOLUTION:

1. Since each X, is second countable, x X, is second countable. We proved
earlier that the product space of a coufitable family of nonempty spaces is
second countable, if and only if each component space is second countable.

2. We have

min(d,(x,, y,),1 1
d(x,y)= ( gx Yn) )52 -
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Hence, d(x, y) is defined for all

x,y ExX,.
Also, "
dix, y)=0

d(x, y) =0iffx, =y, for all n EN, hence, x = y.

d(x,y) =d(y,x)

d(x,y) = z min(d , (mey,.) ,1) <1

SE [min(d,,(ﬁ,,,zn), 1) + min(dn(zznmyn)’ 1)
=d(x,z) +d(z,y).

Hence, d is a metric on x X,.
n

® PROBLEM 18-4

Using the metric defined in Problem 18-3, show that the space néNXn is

metrizable, where {(X,, d,) : n € N} is a countable family of second
countable metric spaces.

SOLUTION:

(xX,,,Td)
n

T4 — topology
induced by d

(xX i T)
T — product
FIGURE 1 topology
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We have to show that

xXn

B(x, r)
FIGURE 2

Let x € xX,, and let U be the basic neighborhood of x in the product topol-
ogy. Then
U= xV,
neEN
where V, is open in X, and for all but at most finitely many #, say

Ny oo 5, Ny

V,=X,

The sets V,,l s eues V,,k are openin X, , ...,X,,k respectively. Hence,
1
positive numbers ry, ..., ry exist such that
€ B(x, , r) C V,,l

Xn

x, € B(x,,r,) CV,

n "k’rk
Choose
r=min(ry, ..., ry).
Then ify € B(x, r)
YnEVa
thus
y€U and B(x,r)CU.

To complete the proof, we have to show that for any B(x, r) there is U such
that U C B(x, r). Let B(x, r) be a d-neighborhood of x. Choose m € N such that
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00

D

n=m
and letry, ..., r,,_, be such that
n+..+r,_;< r/z.

We define

U= x B,
neN

where B, = B(x,, r,)forn=1,2, ..., m—1 and B, = X, for other n’s.
U is a basic neighborhood of x in the product topology and

UCB(x,r).

Hence, the product and metric topologies on xX, are equivalent and x X, is
metrizable. N

® PROBLEM 18-5

Explain why the Hilbert cube éN[O’ 1] is second countable and metriz-
able. "

SOLUTION:

Since the closed interval [0, 1] is second countable, the Hilbert
cube x [0,1] is second countable.
N

The closed interval [0, 1] with the absolute value topology is metrizable.
By Problem 18—4 the product of the countable family of second countable
metric spaces is metrizable.

® PROBLEM 18-6

Show that the sequence

a,,=l,n€N
n

in the space of real numbers R with the absolute value metric is a Cauchy
sequence.
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SOLUTION:
We shall define Cauchy sequences.
DEFINITION OF CAUCHY SEQUENCES

A sequence (a,) in (X, d) is a Cauchy sequence iff
V £ > 0,3 Ny € N such that
n, m> Ny = d(a,, a,,) <E¢.

We take an arbitrary fixed € > 0. The solution of the problem lies in find-
ing No = N(€) such that for every n, m > N,

[#-H
"?—"T <E.

1 £

N, 2

Note that we do not have to find the smallest possible N,.
For any n, m > N,

Let N be such that

LU S S
n NO m NO
and
IL L| 1.1 _ 1 1
n-m <n+m<N—+-N—<

Hence, (1/,) is a Cauchy sequence in (R, 1 - 1).

® PROBLEM 18-7

Show that every convergent sequence in a metric space (X, d) is a Cauchy
sequence.

SOLUTION:
Let (a,) be a convergent sequence in (X, d)
a, = a.

In other words,
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d(a,, a) — 0.
Then for every € > 0 there exists Ny such that
n > Ny = d(a,, a) < ¥/,.
Hence, by the triangle inequality
nm >N =d(a,a,)sd(a,a)+d(a,,a)<

€ €
<2+2—8.

Thus, (a,) is a Cauchy sequence.

® PROBLEM 18-8

Find an example which illustrates that the converse of the statement in

Problem 18-7 is not true; that is, not every Cauchy sequence is conver-
gent.

SOLUTION:

Consider the space Q of rational numbers with the absolute value metric
(O, 1 - 1). The sequence is given as follows:

a = 1
a, = 1.4
as = 1.41

as = 1.414

Sequence (a,) described above is the decimal expansion of /2. It is easy
to verify that (a,) is a Cauchy sequence. But (a,) does not converge in Q (it
converges in R). Hence, (a,) is a sequence which is Cauchy but not conver-
gent.

® PROBLEM 18-9

Show that every Cauchy sequence (a,) in a metric space (X, d) is
bounded and totally bounded.
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SOLUTION:

Let (a,) be a Cauchy sequence in (X, d). We shall prove that (a,) is totally
bounded (and thus bounded).

A subset A of a metric space (X, d) is totally bounded if A has an €-net for
every € > 0. An €-net for A is a finite set of points {ay, ..., a,}, such that for
every a € A there is a4 € {ay, ..., a,} such that

d(a, a) < €.
Let € > 0. Since (a,) is a Cauchy sequence,
3 Ny € N such that for every

n, m> Ny, d(a,, a,,) < €.
Hence, the diameter of the set
a ,a I
{ N 0+1 N o+2 }

is at most €.
The €-net for the sequence (a,,) is

{al, Apees Ay, Q
[

N0+1}'
® PROBLEM 18-10

Let (X, d) be a space with the trivial metric
0if x=y

d(x’})) = {

1 if x=y

Find a general formula for a Cauchy sequence in this space.

SOLUTION:

Suppose (a,) is a Cauchy sequence in the trivial space.
Let € = 1/,. Then there exists N such that

n, m> Ny = d(a,, a,,) < !/, that is

a,= ap.
Hence, a Cauchy sequence in the space with the trivial metric is of the form
(ay, a3, ..., a0, 0, a...)

that is constant from a certain term on.
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® PROBLEM 18-11

Let (a,) be a Cauchy sequence in (X, d) and let (aK,.) be its subse-

quence. Show that
d(a,, a,) — 0.

” n—»ow

SOLUTION:
Let € > 0 be an arbitrary positive number. Since (a,) is a Cauchy sequence
3 N, € Nsuch that,

n,m> Ny—1=>d(a,, a,,) <¢.

Hence,
. KN02N0>N0—1 and d(aNO,aKN)<e.
That is 0
lim d(a,, a, ) =0.

® PROBLEM 18-12

Let (a,) be a sequence in a metric space (X, d). Let
Al = {ah a, "'}

Ay ={ay, a3 ...}

A3 = {03, as, ...}

Show that

((a,) is a Cauchy sequence) < (hm 0(A,) =0)
where 8(A,) denotes the diameter of A,,.

SOLUTION:

=> Suppose (a,) is a Cauchy sequence. For € > 0 there exists Ny € N such that
for n, m > N,

d(a,, a,) <E€.
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Thus, for n > Ny

oA, <..
Since € was chosen arbitrarily,
lirrgo 8(A,)=0.
= limoo 0(A,)=0.

For any € > O there exists N such that for any n > N,
84, <e.
In other words, for any n, m > N,
d(a,, a,) < €

and (a,) there is a Cauchy sequence.

® PROBLEM 18-13

Let (a,) be a Cauchy sequence in (X, d) and (b,) be a sequence in (X, d)
such that

d(ay, b,) < -
n

for every n € N. Show that:
1. (b,) is also a Cauchy sequence.

2. (b,) converges to a € X iff
(a,) converges to a € X.

SOLUTION:
1. Applying the triangle inequality,
d(by, by) < d(by, ay) + d(ap, b,) <

s d(b,, a,) + d(b,, a,) + d(a,, a,,).
Let € > 0. We can find N; € N such that for
n,m>N,;

we have

673



d(bm,b,) < % + % +d(am,an).

Since (a,) is a Cauchy sequence,

3 N, € N such that
n,m> N, =d(a,,a,)s %
Setting
N; = max{Ny, N,}
we get

n, m> N3 =d(b,, b,) <t.

Hence, (b,) is a Cauchy sequence.

2. Similarly,
d(a,, a) s d(a,, b,) + d(b,, a).
Hence,
li_l)r:o d(a,,a) s li_'ﬂ, d(a,,b,)+ li_{t:o d(b,,a).
But ' ' '
lim d(a,, b,) = 0.
If b, — a, then
lim d(a,,a) s 31_1.130 d(b,,a)=0

n—»o
and lim a,=a
n—»o
Similarly, if a, — a then b, — a.
n-—»o n—»w

® PROBLEM 18-14

Show that if (x,) is a Cauchy sequence in Euclidean m-space R™

— 1 (2) (m)
X = (xl s X7 X )

1

= (D, XD, Ay

Xn ns Xn'seeey
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then each of the sequences

(), (50)5 s ()

k=1, ..., nis a Cauchy sequence in R.

SOLUTION:

Let € > 0. Since (x,) is a Cauchy sequence,
3 N, € Nsuch that for j, [ > N

2
d(x,x,) = Jl ™ _ (l)l l(m) (lm)l <e

Thus, for each terrn we obtam

Ix(.l) - xf') I <E¢g

(m) (m)
|xj - x, l <E.
Each of the m sequences

(), o (57)

is a Cauchy sequence.

® PROBLEM 18-15

1. Show that the real line R with the usual metric is complete.

2. Give an example of a subspace of R which is not complete.

SOLUTION:
DEFINITION OF COMPLETE METRIC SPACE

A metric space (X, d) is complete if every Cauchy sequence (a,) in X
converges to a point a € X.

lima, =a€X.

n—»o

The real line R is complete. This is the result of the Cauchy theorem:
Every Cauchy sequence of real numbers converges to a real number.
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2. Consider the open interval ]0, 1[ with the absolute metric. The sequence
(M2, Y3, s, Ys, -..) is a Cauchy sequence which converges, in the limit as

lim < = 0.

n —» oo

However, 0 does not belong to ]0, 1[, hence, ]0, 1[ is not complete.

® PROBLEM 18-16

1. Is completeness a topological property?

2. Find the diameters of A, B, and C
A={xy):x*+y*s1}C R?

B={xy):x*+y’=1}C R?

C={®y:lxl<Lly|s2} C R

FIGURE 1

SOLUTION:

1. The real line R with the absolute metric is complete. As demonstrated in
Problem 18-15, the open interval ]0, 1[ with the absolute metric is not com-
plete. But R is homeomorphic to ]0, 1[, then completeness is not a topologi-

cal property.

2. The diameter of a subset A of a metric space (X, d) is defined to be the least
upper bound of

{d(x y) : % y €EA}.
We denote the diameter of A by 8(A) or d(A).
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The diameter of A, B, and C are
0A) =1

8(B) =1
8(C)=/20.

® PROBLEM 18-17

Show that for any subset A of a metric space (X, d)

8(A) = 8(A).
SOLUTION:
We shall prove that for any positive number r > 0
8(A) < 8(A) + r )
FIGURE 1
Suppose
x, y EA. 3)
Then

B(x, ")) NA=¢

B(y, ) NA = ¢. @
We choose x” and y” such that
X EBx ") NA

Y EBY H)NA )
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Then
dx y)sd@x x’) +d(y, x) <

<d@x x)+dy,y)+dx’,y) </, +7,+ 0A) =

=r+3(4). (6)

Therefore,
8(A) < 8(A) +r (7)

and

3(A) = 8(A). (8)
Since A CX,

8(A) s d(A). )
Thus,

3(A) = 8(A). (10)

® PROBLEM 18-18

Prove the Cantor theorem.
CANTOR THEOREM

Let {A,}, n € N be a countable family of closed nonempty subsets
of complete space X such that

A DA, DA, ... and 84,) = 0 1)

Then
)
[ ]

SOLUTION:

For every n € N choose a, € A,. We shall show that (a,) is a Cauchy se-
quence. Let € > 0. There exists

NoEN
such that for n > N
8(A,) < /. 3)
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Fork,l>N0,ak, aIEANOH.

Hence,
d(ay, ay) < €. 4)

Thus, (a,) is a Cauchy sequence in (X, d). Since, by hypothesis, X is com-
plete

’}Erclo a, =a€cX. )
Note that for any n
(@n @p 415 ---)
is also a sequence which converges to a.
{an ap 41, ...} CA, (6)

Since for each n, A,, is closed,

a EZ, =A,. 7
Thus,
a€()A, and (A, = ¢. ©®)
nenN neEN

® PROBLEM 18-19

Prove the following:

THEOREM

A metric space (X, d) is complete if and only if every nested
sequence (i.e., A; D A, D Aj ...) of nonempty closed sets such that
8(A,) — 0 has a nonempty intersection, (1A, = ¢.

SOLUTION:
We have to show that
((X, d) complete) <> (N A, =¢).

For any countable family {A,} of closed, nonempty subsets of X such
that

A; DA, DA, ...

and
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8(4,) — 0.

In Problem 18-18 we proved =>.
Now we shall show <=.
Let Ay DA, D Aj ... be any sequence of closed, nonempty subsets of X

such that
3A,) —0,NA, =¢.
Let {X,}, n € N be a Cauchy sequence in X. We define
Bl = {xl, X2y X3y < .}, Al =—Bl
By={x3,%3,..},A2 =B,

B3 = {X3, X4 ...},A3 =§3

ThenA; DA; DAz D ... and 8(A,) — 0 and {A,} are closed, nonempty sub-
sets of X. Hence,

ﬂAn = ¢.

neN
Let

x€NA,
We show that

x, >xEX.

Let € > 0. Then
3 Ny € N such that for n > N,
d(B,) < &.

Hence (by Problem 18-17),
d(B,) =d(A,) <E«.
Foralln> N
d(x,, x) < €.

Hence,
x, > xEX.
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® PROBLEM 18-20

Show that any compact metric space (X, d) is complete.

SOLUTION:

A space X is said to be compact if given any open cover {U;}, i €1, of X,
there is a finite subcover of {U;},i € 1.
Suppose (A,}, n € N, are closed, nonempty subsets of X such that

A;DA; DA;D .. 1)
We shall apply the following: X is compact if and only if for any family {F;}, i

€ I, of closed subsets of X such that the intersection of any finite number of
the F; is nonempty,

F. =¢.
F=¢ @
Then

Da.=o. 3)

Hence, by Problem 18-19, the space (X, d) is complete.

® PROBLEM 18-21

1. Show that a subspace of a complete metric space can be incomplete.

2. Show that any separable metric space (X, d) is homeomorphic to a
dense subspace of a complete metric space.

SOLUTION:

1. The set of rational numbers forms an incomplete subspace of the com-
plete set of real numbers.

2. Space X is said to be separable if X contains a countable dense subset.

Any separable metric space (X, d) has a metrizable compactification, say
(Y, d). If a metric space (Y, d°) is compact, then (¥, d°) is complete.
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® PROBLEM 18-22

Show that any closed subspace A of a complete metric space (X, d) is a
complete metric space.

SOLUTION:
Suppose

(a,),nEN

is a Cauchy sequence in A. Then (a,) is also a Cauchy sequence in X. Since X
is complete

a,—~>a€X.
But
aEA=A.

Hence, (a,) converges in A and A is complete.

® PROBLEM 18-23

Show that
((xX,,d) is complete) <> (each (X,,d,) is complete).

SOLUTION:
Let us define d as follows:
min(d ,(x,..y ), 1)
d(x,y) = D, > .
neN
where X = (X1, X2, X3, -..)

y= (yl, Y2, Y3, '")'

It can be shown that d is a metricin x X,,.
n

< Suppose each (X, d,) is complete. Let
(a) ,kEN
be a Cauchy sequence in xX,,. The [-th coordinate of a, is denoted by

ay(D).
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The sequence (ai())), k € N is a Cauchy sequence in X;. Hence, (ai(/)) con-
verges in X; for each [ € N. Thus, (a;) converges in.;cX n -

=> Suppose (X, d;) is not complete. There is a Cauchy sequence
(a(1)), kEN
in X;, which does not converge. Choose from each X, n > 1 a point
x, €EX,,.

We define a sequence as

(a, (D)=

a (1) for I=1

X for [=1

1

which is a Cauchy sequence but does not converge in (xX,,d).
o L. n
Contradiction.

® PROBLEM 18-24

1. Show that
f:R?—R?

foy=>

defined on Euclidean R? space is a contracting mapping.

2. Show that a contracting mapping is continuous.

SOLUTION:
DEFINITION OF CONTRACTING MAPPING

A function f: X — X, defined as (X, d) is called a contracting mapping if
areal number a ER, 0 s a < 1 exists there, such that for every x, y EX

d(fix), fy)) = a d(x, y) < d(x, y).

x Lll_
2 " 207

1. df x)fO) = Fx - )| =

=z lx-yll= 7 dx.).
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FIGURE 1

2. Letf:X — X be a contracting mapping on a metric space (X, d). A real
number 0 s a < 1 exists such that for everyx, y €EX

d(fix), fy)) s a d(x, y)-

Letx; EXand € > 0.
We have

d(x, x)) < € = d(f(x), flx))) sad(x,x)) sea<e.

Hence, f is continuous.

® PROBLEM 18-25

Show that if f: X — X is a contracting mapping on a complete metric
space (X, d) then there exists one and only one point xy € X such that -

f(xo) = xo. (1)

SOLUTION:

Let ay € X. We define
fao) = ay, (ay) = a, = f¥ap), ...

fla, - ) =0, =fn(a0)’ (2)

and show that
4o, ay, Ay, ...
is a Cauchy sequence.

d(f**ao), f(ao)) = a d(f**'~ac), '~ Yao)) = ...

... s a'd(f¥ay), ag) s
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s al[d(a, flag)) + d(f(ao), f*(a0)) + ... + d(f*~(ao), f{ao))]- ©)
But
d(f™* Yao), f(ao)) = a™ d(fac), ao). “
Hence, from (3) and (4) we obtain
d(f* * Yag), f l(ap)) s a' d(f(ag), ag) [ +a + a®> + ... + @k~ 1]. 5)

Sincea<1,

1+a+a2+...+a""si_l—a. ©6)

From (5) and (6) we find
1
d(f " (ap), f(ay) s 7= d(f(a,).a). @)

For € > 0, we define

el-a)  if d(f(ao), a0)=0

A= —a) . .
T i d(f(a0) @) =0 o
Since a < 1, M € N exists such that
aM <\ )
Fork=z1>M,
d(a,a)sal- To—-d(f(a).a,)< li‘a - d(f(a)a) se. (10)

Thus, (a;, ay, as, ...) is a Cauchy sequence and since X is complete xg € X
exists such that

lim a, =x,. an
Function f is continuous, thus
fixg) = (lim a,) = lim f(a,) = lim a, = x,. (12)
Point x is unique. For, suppose f{xy) = x¢ and f{yo) = yo, then
d(xo, o) = d(fix), f(yo)) = a d(xo, yo)- (13)
But a < 1. Therefore,
d(x0, yo) = 0

and x; = y,.
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® PROBLEM 18-26

Show that the set of real numbers R is a completion of the set of rational
numbers Q.

SOLUTION:

DEFINITION OF COMPLETION OF METRIC SPACE

A metric space X* is called a completion of a metric space X if X* is
complete and X is isometric to a dense subset of X*.

|
isometric
X*
X* —complete.
X and A are isometric.
A=X* FIGURE 1

Consider the set Q of rational numbers. The closure of Q is the entire set
R of real numbers, i.e.,

Q=R

The set R is complete. Hence, the set R of real numbers is a completion of
the set Q of rational numbers.

® PROBLEM 18-27

Let C[X] denote the collection of all Cauchy sequences on X. The rela-
tion ~ on C[X] is defined by

((ay) ~ (by)) < (lim d(a,,b,) = 0). M

Show that ~ is an equivalence relation on C[X].

SOLUTION:

(an) ~ (an)
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is obvious, since d(x, x) = 0
((a,) ~ (bn)) = ((bn) ~ (an))
because
d(x, y) = d(y, x).

Suppose (a,) ~ (b,) and (b,) ~ (c,). Then

lim d(a,, b,) = lim d(b,, c,) = 0.
From the definition of a metric,

d(a,, c,) s d(a,, b,) + d(b,, c,).
Taking the limit

lim d(a,, c,) s lim d(a,, b,) + lim d(b,, c;) = 0.
Thus,
(@) ~ (cn)-

The relation ~ is an equivalence relation on C[X].

® PROBLEM 18-28

Show that
(a,) and (b,) are subsequences

- ((a,) ~ (ba)) =

of some Cauchy sequence (c,) .

SOLUTION:

< A Cauchy sequence (c,) exists such that
(an)=(c, ) and (b,)=(c, ).
Then
lim d(a,,b,) = lim d(c, ,c,)=0

n—»o0

since (c,) is a Cauchy sequence.

=> Suppose
(an) ~ (bn)

that is
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lim d(a,,b,)=0.
We define a sequence T
(cn) = (a1, by, ay, by, a3, b3, ...)
that is
[ a,, if nisodd
2

(cn) T

b if nis even

D =

and show that (c,) is a Cauchy sequence. Let € > 0, then
3 n; € N such that

n>n, = da,, b,) <%,
3 n, € N such that
m, n > ny = d(a,, a,) <%,
3 n; € N such that

m, n > ny=>d(b,,, b,) <%/,

Set ny = max (ny, ny, n3). Then for m > 2n

1 1
Sm>n;, > m>n,

2 2
m+1 S>p It 1 -
2 v 2 2°
We shall show that
m, n > 2ng=> d(c,, c;) < E.
We have

m,neven =>c,=b, ,c, =b
then

mnodd =c, =a

then

d(Cps Cp) <¥lp <€
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m,n one odd and one even=>c¢,, = b, ,Cc, = a,,,

2 2
then

d(Cm>Cr) < A(@m>bp) + d(Am,8n01) <%+ % =E.
2 2 2 2
Hence, (c,) is a Cauchy sequence.

® PROBLEM 18-29

Describe the construction of a completion X* of a metric space (X, d).

SOLUTION:

A metric space (X, d) is given. By C[X] we denote the collection of all
Cauchy sequences in X. Among Cauchy sequences the relation ~ is intro-
duced as follows:

(a,) ~ (b,) iff lim d(a,,b,)=0.

In Problem 18-27 we showed that ~ is an equivalence relation. We define X*

e S

as the quotient space. Elements of X* are the equivalence classes [(a,)] of
Cauchy sequences (a,) of C[X]. Thus, if (a,) € [(a,)] and (b,) € [(a,)] we have
(@,) ~ (by) andlim d(a,,b,) =0.
Later we sﬁ;ifshow that the function d defined by
6([(“!1)]’ [(ba))D = nh_l}}o d(an,b,)

is a metric on X*.

FIGURE 1
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® PROBLEM 18-30

Show that the function d defined in Problem 18-29 by
0([(an)} [(ba)]) = lim d(an,bn)

is well-defined, i.e., that

((a;.) ~ (a,)
(6,) ~ (ba)

) = (lim d(a;,b,)=lim d(a,,b.,).

SOLUTION:
Suppose (a’,) ~ (a,) and (b",) ~ (b,) then

lim d(a;,a,)=0

and
lim d(b,,b,)=0.
Set
a =lim d(a,, b,)
a =limd(a’,, b",).
We have
d(a,, b,) s d(a, a’y) + d(b,, b",) + d(a’y, b").
Let € > 0, then
3 n,; € N such that
n>n =da,a,) <
3 n, € N such that
n > ny = d(bm b,n) < s/3
3 n; € N such that
n>ny=>d(@,,b,)—a <t
For
n > max(ny, ny, n3)
we get
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.,

d(a,,,b,,)<%+%+ +a’'=a’+¢

w|m

and
lim d(a,,b,)=asa +¢.

n— o

Hence, since € > 0 is arbitrary

asa’.
In the same way we show that

a’'sa
and conclude that

a=a

® PROBLEM 18-31

Show that

0([(ax)} [(bn)]) = lim d(an,bn)

is metric on
C[X]

~

X*=
(compare Problem 18-29).

SOLUTION:
We have already shown that o is well-defined (Problem 18-30).

1. d([a,)], [(bn)] =0

because d(a,, b,) = 0.

3([an)], [(an)] =0
because d(a,, b,) = 0.

2. 0([(@n)], [(B)]) = O([(Ba)], [(@n)])
because d(a,, b,) = d(b,, a,).

3. 0([(an)], [(bn)]) = lim d(an,b,) =

691



< lim d(a,,c,)+ lim d(b,,c,) =

n —»

=8([(a,)), [(c.)]D + 3([(b,)); [(c,)D-

4. If[(a,)] = [(b,)] then

o([(an)], [(BA)]) > O.
Indeed
5([(an)} [(bn)]) = lim d(a,,b,) >0
because
(a,) is not in relation ~ with (b,) = lim d(a,,, b,) > 0.
Hence,

5([(@n); [(Bw)]) > 0.

® PROBLEM 18-32

Suppose a € X then (a, a, a, ...) is a Cauchy sequence

(a a, a, ...) EC[X].
We define space X as follows:

aEX= {?1 ta EX}
a= [(a, a, a, ...)]. Space X is a subspace of X *.
Now, suppose (a,) € C[X]. Show that
a=[(a)] EX*

is the limit of the sequence

A A A

(ay, ay, a3, ...)

A
in X.

SOLUTION:

Sequence (a,) is a Cauchy sequence in X. We have

lim 8(a,a,)= lim (lim d(anm,a,)) =
n—oo n—sw n—>0w

= lim d(a,,a,)=0.
n —»o
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Thus,

(@,) > a.

® PROBLEM 18-33

1. Show that X is isometric to space X defined in Problem 18-32.

2. Show that X is dense in X*.

SOLUTION:

1. Suppose a, b € X. Then
a= [(a aa ..)]EX

b= b b, ..) EX

and oA
d(a,b) = lirrg° d(a,b) =d(a,b).

A
Hence, X is isometric to X.

2. We shall show that every point in X* is the limit of a sequence in X. Let
a= [(al, a, as, -)] EX*.

Then (a,, a,, as, ...) is a Cauchy sequence in X. Hence, a is the limit of the
sequence

A

N A
(ay, ay, as, ...)

A A
in X. Thus, X is dense in X*.

® PROBLEM 18-34

Show that (X*, d) is a completion of X, i.e., that every Cauchy sequence
in (X* 0) converges.

SOLUTION:
Let
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(al, ar, as, )
be a Cauchy sequence in (X*, 8). In Problem 18-33 we proved that
X is dense in X*.

Hence,
VvneN 13 3,, € X such that

6(3,,, a,) < -}l—

Hence, (31, ?12, ?13, ...) is also a Cauchy sequence.
By Problem 18-33 (31, 32, 213, ...) converges to
a =[(ay, ap, ...)] EX*.

Thus, (a,) also converges to a. We conclude that (X*, 0) is complete.

® PROBLEM 18-35

Show that
(Y* is a completion of X) => (Y* is isometric to X*).

SOLUTION:
X is a subspace of Y*. Thus for every
yeY*

there exists a Cauchy sequence (y;, y,, y3, ...) in X converging to y. Define a
mapping

fiys—>Xx*
by
ﬂ}') = [(YI’ Y2, )]

We shall show that f is an isometry between Y* and X™*. Mapping f is well-
defined. Indeed, suppose

ObLY2Y3.)—>y

where (y”,) is a sequence in X.
Then

lim d(y,,y,)=0
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and

[0)] = [O"W]-

Also f is subjective. Suppose
[(x1, x5, ...)] EX*.

Then
(1, %2, )

is a Cauchy sequence in X CY*. But Y* is complete. Hence, (x,) converges to
x €Y* and

fx) = [(ea)]-
Now suppose x, y € Y*. Then there are sequences (x,) and (y,) in X such that

X, > X

Yn—>)-
We have
d(f(x), F(¥)) =6([(xx)] [(¥n)D =
= lim d(x,,y,) =d(xy).

Hence, f is an isometry between Y* and X*.

® PROBLEM 18-36

1. Show that the set Z of integers is a nowhere dense subset of the real
line R.

2. Show that the set Q of rational numbers is not nowhere dense in R.

SOLUTION:

1. A subset A of a topological space (X, T) is nowhere dense in X iff the in-
terior of the closure of A is empty

int(A_) =¢.
The set Z is closed and its interior is empty. Hence,

m(?) = int(Z) = ¢.
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2. The closure of Q is R
O=R
and
int(Q) = int(R) = R = ¢.

Thus, the set Q of rational numbers is not nowhere dense in R.

® PROBLEM 18-37

Let U be an open subset of the metric space (X, d) and let M be nowhere
dense in X. Show that x € X exists and € > 0 such that

B(x,e) CU

FIGURE 1

SOLUTION:

Let us denote

UNM=V.
Then
VCU and VNM=¢.
Set Vis nonempty because U is open and M¢ is dense in X.
V= .
Hence,
xevV.
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V is open because U is open and M¢ is open.
Thus, € > 0 exists such that

Bx,e)CV
and
B(x, e)NM=¢.

® PROBLEM 18-38

Show that if M is a nowhere dense subset of X then M¢ is dense in X. (We
denote M =X - M.)

SOLUTION:

Suppose on the contrary that M€ is not dense in X. Then x € X exists and an
open set U such that

xelU
UNMe=¢.
Hence,
xEUCM
and
xE int(A?).

It is a contradiction, because M is nowhere dense in X, int(M) = ¢. Thus, M¢
is dense in X.

® PROBLEM 18-39

Prove Baire’s Category Theorem.

THEOREM

Every complete metric space (X, d) is of second category.
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SOLUTION:
DEFINITION OF FIRST CATEGORY SPACES

A topological space (X, T) is said to be of first category if X is the count-
able union of nowhere dense subsets of X. All other spaces are of second cat-

egory.
[

Let A C X be of first category. We will show that A = X. Since A is of first
category, by definition

A=M1UM2U... (1)

where each M, is a nowhere dense subset of X.
Since M, is nowhere dense in X, there exists x; € X and g; > 0 such that

B(xy, €1) N M, = ¢. (2
Then
B(x,, 2) NM =¢. 3

Since B(x1’ p) =) is open and M, is nowhere dense in X, by Problem 18-38 we
conclude that

dx, €X, 3 & > 0 such that

B(xz, g, C B(xl, 3 ) C B(xl,-z- @)
and
B(x,, €2) N My = ¢. &)
Set €,
€,s 5 ©)
Then
B(x, ) C B(x,, =) )
and
B(x, 2N M,=¢. ®)

In this way we get a nested sequence of closed sets

€ €
B(x],-z'-) D B(xz, -;-) D B(x3, 5 —=)D. )
such that for every n €N
B(x,,,izﬂ) NM, =¢ (10)
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and & _F
2 7 "
Hence ; ; f1
’ lime, < lim —=0
n—»o0 n-—+»o 2

and x € X exists such that | ﬁ B(xn,fin—) .
n-1 (11)

Also, x & M, for every n € N and
x€&EA.
Thus, (X, d) is of second category.
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® PROBLEM 19-1

Show that the two continuous functions,

f:X—R

g8:X—R

where R is the space of real numbers with standard topology, are always
homotopic.

SOLUTION:

DEFINITION OF HOMOTOPIC FUNCTIONS
Two continuous functions
f:X—-Y

g:X—=Y

are given. Functions f and g are said to be homotopic, if a continuous func-
tion h

h:Xx[0,1]—=Y
exists, such that
h(x, HEY

h(x, 0) = fix) and h(x, 1) = g(x).

X x {0}

h(x, 1)

X x {t}

X x {1}
Xx [0, 1]

FIGURE 1
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If Y = R (or more generally, Y = R"), then the functions f and g are always
homotopic. Indeed,

h(x, 1) = fix) + fg(x) - fx)]

and A(x, t) is continuous.

® PROBLEM 19-2

Show that the identity function on the unit disk is homotopic to a con-

stant function which maps the whole disk into (0, 0).

A
[\

FIGURE 1

SOLUTION:

Suppose X and Y are unit disks and f is the identity function
fix)y=x for xeX.
Let g(x) denote a constant function defined on the unit disk
gx)=(0,0) for xEX.
We shall define function h(x, f).

FIGURE 2
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Let A = (x, y) represent a point in the disk. Point (A, ) = B is the point on
(0, 0) (x, y) that is ¢ times the distance from (x, y) to (0, 0). Hence

h(A, 0) = A

h(A, 1) = (0, 0) = const.

® PROBLEM 19-3

Let YX denote the set of all continuous functions from X into Y, and let f
~ g dneote that f is homotopic to g. Show that if f € ¥, then

f~f
SOLUTION:
The homotopy
h:Xx[0,1]—=Y
between fand g is given by

h(x, ?) = fix)

forallxEXand all £ € [0, 1].
We must show that A(x, £) is continuous and that

h(x, 0) = h(x, 1) = fix).
Suppose U is an open subset of Y. Then
r(U) = F1(U) x [0, 1].

Since f is continuous f-1(U) is an open subset of X and f-1(U) x [0, 1] is an
open subset of X x [0, 1]. Hence, h(x, f) is continuous.

® PROBLEM 19-4

Show that if f~ g, then g ~ f.

SOLUTION:

Since f~ g, there is a homotopy
h:Xx[0,1]—=Y
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such that
h(x, 1)=f and h(x, 0)=g.
Let us define H by
H:Xx[0,1]—=Y

H(x, t) = h(x, 1 - 1)

forall x EX and all £ € [0, 1].
We have

H(x 0) = h(s, 1) = f
H(x, 1)=h(x, 0)=g.

Since h(x, t) is continuous, so is H(x, ).
Hence, H(x, t) is a homotopy between g and f.

® PROBLEM 19-5

Show that the relation, f~ g

fis homotopic to g

is an equivalence relation.

SOLUTION
In Problem 19-3, we have shown that
f~f

and in Problem 19—4, we have shown that

iff~g,theng ~f.

It remains to be shown that, if f ~ g and g ~ k, then f ~ k. Since f ~ g, there is
a homotopy

h: Xx[0,1]—=Y
such that
hy (5 0) = g(x) and

hy (x, 1) = fix) for all x EX.
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Similarly, since g ~ k, there is a homotopy

hy: Xx[0,1] =Y
such that

hy (x, 0) = k(x) and

hy (x, 1) = g(x) for allx EX.
Let us define mapping
h:Xx[0,1]—=Y
by
ha(x,2t) for Ostsi

h(x,t) ={
h(x,2t-1) for 4srs1

forallx € X.
Note that

h(, 0) = hofx, 0) = k(x)
hGs 1) = Iy(x, 1) = fx)

h(5 1) = hy(x, 0) = hy(x, 1) = g(x).
Mapping h(x, ?) is well-defined and since both 4, and h, are continuous, so is

h(x, f).
Thus, h(x, t) is a homotopy between f and k.
The relation ~ is an equivalence relation on Y.

® PROBLEM 19-6

1. Why do the homotopy classes of ¥ form a partition of ¥X?

2. Can you find any relationship between the extension of functions
and functions being homotopic?

SOLUTION:
DEFINITION OF A HOMOTOPY CLASS

The family of all continuous functions from X into Y, which are homo-
topic to a continuous function f, is called the homotopy class of f.
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The homotopy classes of YX form a partition of YX because ~ is an
equivalence relation on YX (See Problem 19-5).

2. Suppose two continuous functions f and g are given, f, g € YX. We define
function A as follows:

h:Xx{0hUXx {1} =Y

h(x, 0) = fix) and h(x, 1) = g(x)
forallx €X.

X x {0}

X x {1}

FIGURE 1

It is easy to see that f and g are homotopic, if and only if function 4 can be
extended to a continuous function H

H:Xx[0,1]—=Y
such that
H|@Xx{0})UXx {1})=h.

® PROBLEM 19-7

Why are any two paths in R? homotopic?

SOLUTION:

A continuous function from the interval [0, 1] into any space (X, T) is called
a path in X. (See Figure 1.)
The space

[0, 1] x [O, 1]
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with the product topology is a normal space and its subset

A={(xy):y=1}U{(x y):y=0}

is a closed set.

If fis any continuous function from A into RZ, then, by Tietze’s Extension
Theorem, f has a continuous extension F.

Thus, any two paths in R? are homotopic.

{(xy):y=1}

F:[0, 1] x [0, 1] > R?

/—\

{(xy):y=0}

® PROBLEM 19-8

In Problem 19-2, we have shown that the identity function f; = i on the
unit disk Y is homotopic to the function f;, which maps the whole disk
into (0, 0). Show that f; = i is homotopic to the function

g:Y—>Y
defined by

8 y) = (0, ")

for all (x, y) €Y.

SOLUTION:
Let & denote the homotopy between f; = i and f,. We define

h((x,y),1-2t) for Osts%

H(x2)8) = {(O,t -4 for 4sts1

Note, that H((x, y), f) on the segment [0, 1/,] contracts Y to (0, 0) and then on
the segment [/, 1], slides it from (0, 0) to (0, !/;) along the straight line be-
tween these two points.
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Since H | (Y x [0, 1/,]) and H | (Y x [!/,, 1]) are continuous and

H((x, y), '/2) = h((x ), 0) = (0, 0)
is well-defined, H is continuous. Thus H is a homotopy, since

H|(Yx{0})=¢

H|(Yx{1})=f =i.

® PROBLEM 19-9

Show, that if the homotopic mappings fy and f; have values in the space
Y and if gy and g, are defined on Y and homotopic, then the mappings g
0 fo and g; o f; are homotopic, i.e., prove that

fo

FIGURE 1

(fo ~f,

)=>(g00f0~glof1).
g,~ 8,

SOLUTION:

Since f; ~ fi, a continuous function
h(x, HEY

exists, such that
hy(x, 0) = fo(x) 5 hi(x, 1) = fi(x).
Since gy ~ g1, a continuous function
h(y, HEZ

exists, such that
hy(, 0) = g8o(¥) ; ha(y> 1) = g1(y)-

To prove that
800 fo~810f
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we have to show that a continuous function
Hx, ez
exists, such that
H(x, 0)=go0fo and H(x 1)=g 0f;

Let us define
H(x, 1) = hy(hi(x, 1), 1)
then
H(x, 0) = hy(h(x, 0), 0) = h; (fo(x), 0) =
= 8o(fo(x)) = 80 0 fo(x)
and

H(x, 1) = hy(hy(x, 1), 1) = hy (fi(x), 1) =

= g1(fi(®) = g1 0 fi(x).

Since h; and h;, are continuous, H is also continuous. Thus, H is a homotopy
between gy o fo and g; o f;.

® PROBLEM 19-10

A homeomorphism of [0, 1] into any space (X, 7) is called an arc. A
continuous function of [0, 1] into any space is called a path. In Problem

19-7, we showed that any two paths in R? are homotopic. Thus, we can
state that any two arcs in R? are homotopic. Let A represent any point in
R2. Show that two arcs in R? — {A} are not necessarily homotopic.

SOLUTION:

Let a, and a, denote distinct arcs in R? — {A}, such that
a1(0) = a(0) and ay(1) = ax(1).

Obviously a; and a, are homotopic in R2. We choose a; and a; in such a way,
that A is a point in the area bounded by a; and a,. (See Figure 1.)
Then a, and a, are not homotopic in R?2 — {A} because g, cannot be
continuously transformed into a,.
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a; (1) =2,(1)

a,(0) = a, (0)

FIGURE 1

® PROBLEM 19-11

When are two loops ag and a, in X with base point x, homotopic relative
to .X'O?

SOLUTION:

A continuous function a
a:[0,1]1 =X
such that
a(0) = a(l) =x

is called a loop in X with base point y,.

X o= a(0) = a(1)

FIGURE 1

Two loops ag and a, in X with base point x, are said to be homotopic
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relative to x, if a homotopy H between a, and a; exists, i.e.,
H(x, ) EX; x, t€[0, 1]
H(x,0)=ay; H(x,1)=a
such that, for each ¢ € [0, 1]
H(0,)=H(, 1) =x.

0 1
[0, 1] 5t :ﬁ ’! a, Xo
;r N&o
0 1
FIGURE 2 a,(0)=a,()=x,

That is, for each t € [0, 1]
H|[0, 1] x {r}

is a loop in X with base point x. See Figure 2.

® PROBLEM 19-12

Let L(X, xo) denote the set of all loops in X with base point xy. Show that
the relation “homotopic relative to xy to” (denoted by ~) defined on

L(X, xp), is an equivalence relation.

SOLUTION:

In Problem 19-5, we showed that “f, homotopic to g”, is an equivalence
relation on Y.
For any

a € L(X, xg)

a is homotopic relative to x; to a
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Let
a~b.
Then, the homotopy H exists between a and b, such that
H(0, t) = H(1, 1) = x,.
Setting
H'(x, t)y=H(x, 1 —1)
we obtain homotopy between b and a, such that
H'(0,9)=H(1, {) = x,.
Hence,
b~a.

Suppose a ~b and b ~ c.
Homotopies exist, such that

hl(O, t) = hl(l, t) =X
70, 1) = hy(1, ) = xo,
Then

hy(x,2t) for O0srs4

h(x,t) =
(1) {hl(x,2t—-1) for 4s<rsl

is a homotopy between a and c, such that
h(0, t) = h(1, ) = xo.

® PROBLEM 19-13

Let L(X, x) denote the set of all loops in X with base point x,. For any a,,
a, € L(X, x,), we define an operation @ as follows:

a(20), 0sts<4
a(2t -1), t<ts1

(a1 ®@a))(t) = {

Show that
a, @ az E L(X, xO)

See Figure 1.
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Xo
a;®a,

FIGURE 1

SOLUTION:

Loop a; @ a, is formed by moving arround a, once and then around a,
once.

a,®a:[0,1] = X.

a; ® a, is continuous on [0, 1/,] and on [/,, 1] because both a; and a, are
continuous and at ¢ = 1/,

(a1 @ ay) (M/2) = ay(1) = xp = ax(0).
Also
(a1 @ ay) (0) = a;(0) = xp

(a1 @ ay) (1) = ay(1) = xo.
Hence,
a; @ a; S L(X; xo).

® PROBLEM 19-14

We proved that ~ (is homotopic relative y, to) is an equivalence relation
on L(X, x,). We denote

L(X,x,)

~

=(X,x )

the set of homotopy relative to x, classes of L(X,x,). If a € L(X, x,), then
by

[a] € (X, xo)

we denote the eanivalence class of a.
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Justify the following definition:
[a:] @ [a;] = [a, @ a].

SOLUTION:

We define [a;] @ [a,] to be the equivalence class of the loop a; @ a,. In
Problem 19-13, we proved that a, @ a; is a loop.

a @ a; € L(‘X, xo).

Taking its homotopy equivalence class [a; @ a,], we obtain an element of
X, Xo).

To make sure that [a,] @ [a,] = [a; @ a,] is a well-defined operation on
(X, xp), it must be shown that this definition is independent of the
representatives a, and a, that we choose. This will be done in the next prob-
lem.

® PROBLEM 19-15

Let

ay, ay a3 € L(X, xp).

Show, that if a; ~ a3, then

a,®a;~a;®a,.

SOLUTION:
Since a, ~ a3, a homotopy relative to x( exists between a; and a3, such that
h:[0,1] x[0, 1] = X.

We define
H:[0,1]x[0,1] =X
by
h(2r,t), Osrs
H(r.t) = (2r,1) 3
a,(2r-1), +srsi
Thus,
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H(r.0) = {h(Zr,O) =a(2r), O0srs4
a,(2r -1), isrsl
and
H(r, 0) =(a; @ a,) (r) forr€[0, 1].
Also
H(r, 1) = (a3 @ ay) (r) for r€ [0, 1].
We have

H(O, t) = h(0, 1) = x

H(1, 1) = ay(1) = x,.
Continuity of H can easily be shown. Hence,

a1®a2~a3®a2.

® PROBLEM 19-16

Show that the operation
[a1] @ [a;] = [a) @ a5}

defined in Problem 19-14 is well-defined.

SOLUTION:
Suppose a; ~ a3 and a, ~ a4. In Problem 19-15, we proved that
a, ®a,~a;®a,. 2)
Similary, we can show that
a, ®a,~a; ®ay. 3)
Thus,
[2: ® a;] = [a)] ® [a;] =[a3 D ar] =
= [a3] ® [a,] (4)
and
[21] @ [a;] = [a1] © [a4]- ©®)
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We have

a1®a2~a3®a2~a3®a4. (6)
Hence, if [a,] = [a3] and [a;] = [a4], then
[a1] @ [a2] = [a3] @ [a4]. (7

® PROBLEM 19-17

Draw the homotopy H(r, ) described in Problem 19-15. Explain why
H(r, 1) is continuous on [0, 1] x [0, 1].

SOLUTION:
! a, a,
h(@r, t) as(2r—1)
t ag a,
0 L 1
r 2
————
H(r, t)
FIGURE 1

On [0, 1/,] x [0, 1], we continuously deform a, into a;, while a, remains
fixed on [1/5, 1] x [0, 1].
For r = 1/,, we have

H(l/z, t) = h(l, t) = 02(1) =X

H(Y5, t) = a5(0) = xy,

The homotopy H(r, t) is continuous on [0, 1/,] x [0, 1] and on [Y/,, 1] x [0, 1],
hence, it is continuous on [0, 1] x [0, 1].
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® PROBLEM 19-18

Show that operation @, defined on m(X, xp), is an associative operation;
that is, show that

([a,] @ [a2]) @ [a3] = [a1] + ([a2] @ [as)).

SOLUTION:

Let [a,], [a,), [a3] represent any elements of m(X, xg). Since operation
@ defined on m(X, xy) does not depend on the choice of representatives, it
suffices to show, that

(01 @® az) ® as ~ a; ® (02 ® a3).

By definition
(@ay)(2r); O0srs4
a ®@a)®Pasz)(r) = .
(@ @) ®a3)(r) {a3<2r-1>; rarat
Thus,
a(4r);0sr=<1
(@ ®a))®as)(r)=day(4r-1); L+=rsi.
a3(2r-1); tsrsi
Similarly,

a (2r); Osrsi

(a; ®a3)(2r -1); %srsl=
aq(2r);0srsi

=la,(4r-2); +srs3.
a;(4r-3);, 2srsi

(a1 ®(a, ®@as3)(r) = {

The homotopy between (a; @ a,) @ a3 and a; @ (a, @ as) is defined as fol-
lows:
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a1 ({iL); Osrs4(1+9)
H(r,t)={ay(4r-1-1); $(1+1)srs1(2+0).
ay(1-4); L2+ srsl

One can directly compute that H(r, ¢) is indeed the homotopy between
(a1 @ ay) D as and a; @ (a, @ a3).

® PROBLEM 19-19

Draw the homotopy defined in Problem 19-18. Explain why it is a
suitable homotopy.

SOLUTION: a,® ag

(1, 0) (1, 1)

a, a a,

t1 ay /2 / %3 ©, 1)

(0, 0)

H(r, 1)
FIGURE 1

The homotopy H(r, t) was defined as follows:

a1 (£5); Osrs4(1+1)
H(r,t)=]ay(4r-1-1); $(1+t)srs1(2+1).
as(1- 457 $(2+1)srs1
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Note that fort=0

a(4r);0srsi
H(r,0)=1a,(4r-1); 4srsi
a3(2r-1); isrsi

which is ((a; @ ay) @ a3) ().
Similarly, for ¢ = 1, we have

aq(2r);0srsi
H(r,))=la,(4r-2);, 4srs3
az(4r-3); 3srsi1

which is (a; @ (a; @ aj)) (r). It is evident that H(r, ¢) is continuous.

® PROBLEM 19-20

Let
f:[0,1] = xo€X

denote a constant function that maps [0, 1] onto xy € X. Show that [f] is an
identity for m(X, xo) with respect to ®.

SOLUTION:
We shall prove, that for any [a] € n(X, x,),

[a] @ [f] =1 ® [a] = [a].

By definition
[a]®[f]l=[a @]
and
_ [a@r); Osrsi
(a®f)(r)_{f(2r—l); t<rs1
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a f

0 r aof
H(r, t)

FIGURE 1

The figure illustrates the homotopy between a @ f and a. Hence,
[a] ® [f] = [a].
Similarly, we show that

/1@ [a] = [a].

® PROBLEM 19-21

Let a denote a loop in X with base point xy, a € L(X, x). Define an in-
verse loop a’l.

SOLUTION:

FIGURE 1

We define a™! by
al(ry=a(l-r)

foreach r €0, 1].
Then

a'(0) =a(1l) =x
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and
a'(1) = a(0) = xo,
Also, since a is continuous, so is a~!, hence,
al € L(X, xp).

Note that a~! has the shape of a, but is drawn in the opposite direction.

® PROBLEM 19-22

Define the fundamental group of the space X, given that x, € X.

SOLUTION:

A topological space (X, T) is given and xg € X. L(X, x) is the set of all
loops in X with base point x.

On the set of homotopy, the classes of L(X, x() denoted by m(X, xp), we
defined operation @, which is associative and has an identity [f] with respect
to x.

It is easy to prove, that

a®al~al®a~f
by using the homotopy between a ® a~! and f
ar(l-1)); Osrsx
H(r,t) = .
i a1 -r)1 -1)); -li-s rsl

Similarly, we can define the homotopy between a! @ a and f. Thus, the in-
verse of [a] € n(X, xo) is [a7!].

The space m(X, xo) with operation @ is a group with identity [f]. Each
[a] € (X, xo) has its inverse [a~1] € n(X, xp).

DEFINITION

(X, xp), ®) is called the fundamental group of the space X based on
X EX.
|
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® PROBLEM 19-23

Consider the space
X={(xy):x*+y*=1} CR*

Let x, represent any point of X and a the loop a C X, which goes once
around the circle in the clockwise direction. For each integer n € Z and
each loop a € L(X, xg), we define

n times

a®@a®...®a  for n positive

f for n=0

a'l®a'®...a? for n negative

where —n times
£:10, 1] = xo.

Find the fundamental group of X based on x,,.

2amad®a

FIGURE 1

SOLUTION:
Note, that

ma~na
if and only if m = n. For every loop a, € L(X; x), there is n € Z, such that

a, € [nal.
Thus, there is an isomorphism 4 between

(X, xo), ®) and (Z, +)
given by
h([n a]) = n.

Group ((X, xp), @) is generated by one element [a].
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® PROBLEM 19-24

Find the fundamental group based on x, of the space X
X={(x,y,2): x>*+y2+22=1} CR3

X0 eX.

SOLUTION:

Let A represent any point of X. Then X — {A} is homeomorphic to R? and
therefore, a contractible space. The plane A is tangent to X at A”. A” is the point
of X antipodal to A.

A

FIGURE 1

The projection of a point x € X — {A} is a point x” € A determined by the
intersection of a straight line Ax with the plane A. Thus, X — {A} and A are
homeomorphic.

If a is any loop in X and A is any point in X — a, then a is a loop in R?
(remember R? and X — {A} are homeomorphic).

Thus, a is homotopic to the identity function f of n(X, xg). Hence, any loop
in X based on xy € X is homotopic to f.

Therefore, n(X, x,) consists only of [f].
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GLOSSARY OF SYMBOLS AND ABBREVIATIONS

Problem whse?':
Symbol Meaning symbol appears
a,B,7,9, ... sentences 1-1
0,1 logical values 1-1
= equivalent 1-1
\ or 1-1
A and 1-1
’ not 1-1
= implies 1-5
< if and only if 1-5
iff if and only if 1-5
- symmetric difference 1-11
[ ] end of a proof, theorem, or definition 1-6
aEA a is an element of A 2-1
agA a is not an element of A 2-1
{a, bc..} set consisting of elements g, b, ¢, ... 2-1
{x: p(x)} set of all x such that p(x) = 1 2-1
N set of all natural numbers
Zz set of all integers
Q set of all rational numbers
R set of all real numbers
C set of all imaginary numbers
ACB A is a subset of B 2-3
AUB union of A and B 24
ANB intersection of A and B 24
A-B difference of A and B 2-4
¢ empty set 2-7
P(A) (or 24) power set of A 2-8
A€ (or X -A) complement of A 2-12
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A-B
3

v
(x,)
lim x,,

n— o

(a, b)

A x B

la, b[ (or (a, b))
UA

N4,

(4 ]

ap b

p!

A

A B
X4

anAa(or]—[Aa)

A~B
cardA (ori)

a+f

a-B

symmetric difference of A and B
there exists
for each

sequence consisting of elements x , x,,

limit of (x,)

ordered pair

Cartesian product

open interval

union of a family of sets
intersection of a family of sets
closed interval

a is in relation p with b
inverse relation
diagonal of a set
composition of relations
equivalence relation
quotient space

function defined on X
restriction of fto A
composition of functions
identity function on A

set of all functions f: B — A
characteristic function of A

Cartesian product of a family of sets

sets A and B are equivalent
cardinal number of set A

sum of cardinal numbers
product of cardinal numbers
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2-18

3-10
3-10
3-11
3-13
3-14
3-14
3-15
3-17
3-23

4-1
4-3
4-5
4-8

4-22
4-25

4-28

5-1
5-4

6-14
6-16



Ba

A4, <)
A4, =)

A, =)
lub
glb

A=B
ord (A, =)

d(x, y)
X d)
R

B J(a, r)
B(a,r)
(x,)

lim x,,

n—o

5(A)

&, T)
TA)
Nx)

Al

Int(A)
Fr(A)

X=Y

<U>

o™ power of B
Hilbert space

preordered set

partially ordered set
equals by definition
totally ordered set

the least upper bound
the greatest lower bound

order — isomorphic sets
ordinal number of a well-ordered set A

metric

metric space

n-dimensional Euclidean space
d-ball of radius r and center a
closed ball

sequence of points

limit of a sequence

diameter of A
closure of A

topological space
topology generated by A
neighborhood of x
closure of A

derived set of A

interior of A

boundary of A

induced topology

homeomorphic spaces

“slice” of Cartesian product x X,
o}
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6-23
6-37

7-7
7-10
7-8
7-18
7-18

8-4

10-1
10-1
10-3
10-7
10-14
10-17
10-17

10-26
10-32

11-1
11-18
11-27
11-27
11-31
11-34
11-35
11-45

12-30

14-13
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Absorption, law, 1-10

Adding of handles, 9-105

Additive families, 4-19, 4-20, 4-21

Affine geometry, 9-7, 9-8, 9-9

Alexandroff compactification,
16-50, 16-51

AND, OR, INVERTER gates, 1-13,
1-14

Aristotelian logic, 1-2

Axiom of choice, 7-1

Axiomatic formulation, 6-2

Axiomatic formulation, Axiom of
choice, 3-26

Axiomatic set theory, 2-24

Baire’s category theorem, 18-39

Basis, properties, 11-15, 11-16,
11-22,11-23,11-24

Boolean algebra, 2-25

Borel sets, 11-42, 1143, 1144

Boundary, 11-35

Bounded sets and bounded functions,
10-26

Brower’s fixed point theorem, 988,
9-89, 9-90

Burali-forti paradox, 841

Canonical mapping (projection),
3-23
Cantor’s theorem, 1818
Cantor’s theorem, Cardinal number of
a power set, 6-10, 6-11, 6-12, 6-13
Cardinal numbers:
addition, 6-14, 6-15, 6-17, 6-18

cardinal numbers, 54
exponentiation, 6-23, 624,
6-25, 6-26, 6-27, 6-28
product, 6-16, 6-17, 6-18, 6-19,
6-20, 6-21, 6-22
Cartesian product, 3-5
countable sets, 5-9
general cartesian products, 4-28,
4-29, 4-30, 4-31, 14-12, 14-13
invariants, 14-7, 14-8
metric spaces, 10-6, 14-16, 14-17
projections, 14-1, 14-2, 14-3, 144,
14-5, 146
properties, 3-6, 3-7, 3-8
Cauchy space, Cauchy sequence, 18—
6, 18-7, 18-8, 18-9, 18-10, 18-11,
18-12, 18-13, 18-14, 18-27, 18-28
Chain, 7-10
Characteristic function, 4-25
Chromatic numbers, Color problems:
chromatic numbers, 969, 9-78,
9-79
five color theorem, 9-80
four color problem, 9-71, 9-81
problem of five regions, 9—68
regular maps, 9-70, 9-72, 9-74,
9-75,9-76
seven color theorem, 9-77
six color theorem, 9-73
Clausius law, 1-6
Closed ball, 10-14
Closed sets, 1014, 10-15, 10-16,
10-29, 10-30, 10-31
Closure:
closure of A, 10-32
closure of a set, 11-27
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properties, 11-28, 11-29, 11-30
Cluster point, Derived set, 11-31,
11-32,11-33
Compactifications, 1648, 1649
Compactness:
compactness in metric spaces,
1644, 1645, 1646, 1647
compactness of Hausdorff spaces,
16-12,16-13, 16-14
Compact spaces, 16-1, 16-2, 16-3,
164, 16-5, 16-7
properties, 168, 16-9, 16-11
countable, 16-26, 1627
locally, 16-32, 16-33, 16-34,
16-37
locally compact Hausdorff spaces,
16-35, 16-36
new, 16-18, 16-20, 16-23
sequentially, 16-24, 16-25
sequentially and countable,
properties, 1628, 16-29, 16-30,
16-31
Components, 17-29, 17-30
Components theorems, 17-31, 17-32,
17-33
Congruence classes:
affine geometry, 9-7, 9-8, 9-9
congruence, 9-4, 9-5, 9-6
isometric transformations, 9-3
projective geometry, 9-10, 9-11
rigid transformations, 9-1, 9-2
topology, 9-12, 9-13, 9-14
Connected and disconnected spaces,
17-1,17-2
connected subsets of R”, 17-9,
17-13
connected subspaces, 17-25, 17-26,
17-27,17-28
locally connected spaces, 17-39,
17-40, 17-42, 1743
locally connected spaces, product,
17-41, 1744
product, 17-34, 17-35

properties, 17-3, 17-4, 17-5
totally disconnected spaces, 17-36,
17-37,17-38
Connected networks, 9-55
Connected surfaces:
homotopy classes, 9-27
rank, 9-28
simply connected surfaces, 9-23,
9-24,9-25, 9-26
Constituents, 2-15, 2-16
Continuity, 12-1
applications, 12-15, 12-16, 12-17
examples of continuous functions,
12-2,12-3,12-5
properties of continuous functions,
124,12-11
sequential continuity, 12-21
theorems, 12-6, 12-7, 12-8, 12-9,
12-10, 12-12, 12-13, 12-14
Continuity at a point:
continuity of a point, 12-18, 12-19,
1220
sequential continuity, 12-21
Continuity of maps, 14-14, 14-15
Continuous functions, 10-21, 16-6
examples, 12-2, 12-3, 12-5
properties, 1022, 10-23, 10-24,
10-25, 124, 12-11
Continuum, 1745, 1746, 1747,
1748
Continuum hypothesis, 640, 641
Contract mapping, 18-24
Contraposition, 1-6
Coverings, Partitions, 4-15, 4-16,
4-17,4-18
Convergence, 10-17, 10-19
Convex subsets of R”?, 17-18, 17-20
Coverings of space, 12-23
Cross-cap, 9-109, 9-110
Curves, 9-15, 9-16, 9-17

d-ball, 107, 10-8
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DeMorgan’s laws, 1-3, 1-4
DeMorgan’s theorem, 2-13, 2-14
Dense and isometric, 18-33, 18-34,
18-36, 18-37, 18-38
Dense sets, 11-36
Denumerable and countable sets,
properties, 5-12, 5-13, 5-14, 5-15,
5-16, 5-18, 5-19, 5-20, 5-21
Denumerable sets, 54, 5-5, 5-10
Design of circuits, 1-13, 1-14, 1-16
Diagonal, 14-9, 14-10, 14-11
Diagonal, inverse relations, 3-14
Diameter of a set, 1026, 10-28
Digital systems:
AND, OR, INVERTER, gates,
1-13, 1-14
design of circuits, 1-13, 1-14, 1-16
logic gates and Boolean algebra,
1-12
NOR, NAND gates, 1-15
TTL ICs, 1-16
Discrete topology, 11-10
Duns Scotus law, 1-6

Equal sets, 2-2
Equivalence:
class, 3-21, 3-22,
19-14, 19-15, 19-16, 19-17,
19-18, 1920
relation, 3—17, 3—18,
3-19,3-20
equivalent bases, 11-25
equivalent sets, 5-1, 5-2, 5-22,
5-23,5-24
equivalent statements, 1-5
Euclidean space, 10-3
Euclidean topology, 11-3, 11-12
basis, 11-14, 11-17
Euler characteristics, 9-106, 9-107,
9-108
and plane diagram, 9-101
Euler rule, 9-29, 9-30

index, 942, 943, 944, 945,
946

polyhedra, 9-33, 9-34, 9-35

regular divisions, 9-31, 9-32

relation with genus, 9-39, 940

sinks and sources, 941

triangulation method, 9-36, 9-37,
9-38

Euler Rule, 9-29, 9-30

F,and Gy sets, 11-38, 11-39, 11-41
Families of sets, 3-9, 4-19
Family of closed sets, 11-11
Finite and transfinite numbers, 68
Finite intersection property, 16-10
First countable spaces, 15-3, 154,
15-5, 15-6, 15-7, 15-8, 15-9
Five color theorem, 9-80
Five regions, problem, 9-68
Fixed point theorems:
Brower’s fixed point theorem, 988,
9-89, 9-90
puzzles, 9-91
rotation, 987
special cases, 9-92, 9-93, 9-94,
9-95
Four color problem, 9-71, 9-81
Functions:
f1, properties, 4-13, 4-14
composition, 4-5, 4-6, 4-7,4-8
domain, 4-1
functions separating points, 13-36,
13-37
induced functions, 4-12
inverse function, 44
Fundamental group, 19-22, 19-23,
19-24

Genus, 9-18, 9-19
Graph, equal functions, 4-3
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Hausdorff maximality principle, 7-31,
7-32
Homeomorphic functions, 16-19
Homeomorphic spaces:
examples, 12-35, 12-38, 12-39
homeomorphism, 12-30, 12-31
T—space, 12-34
theorems, 12-33, 12-34, 12-36,
12-37
topological properties, 12-32
Homotopic functions, 19-1, 19-2,
19-3,19-17
Homotopic mappings, 19-9
Homotopy as an equivalence relation,
194, 19-5, 19-12
Homotopy class, 19-6, 19-27

Ideals, filters, 2-21, 2-22

Identification spaces, 12—40
examples, 1241, 1242

Inclusion, 2-3

Independent sets, 2—17

Induced metric, 18-2, 18-3

Interior, 11-34

Image, inverse image, 4-9, 4-10, 4-11

Implication, 1-5, 1-6

Infinite and finite sets, 5-1, 5-3

Isometric transformations, 9—3

Jordan curve:
inside and outside, 9-82
Jordan curve theorem, 9-83, 984,
9-85
puzzles, 986

Kuratowski’s lemma, 7-37

Lattice points, 5-5
Least upper bound and greatest lower

bound, 7-18, 7-19, 7-20

Lebesque number of cover, 16-38

Lexicographic ordering, 829, 8-30,
8-31

Limit of sequence, 10-17, 10-18,
10-20

Limit point, 18-32

Lindelof spaces, 15-14, 15-15, 15-16

Logic gates and Boolean algebra,
1-12

Maximal and minimal elements, 7-21,
7-22,7-23,7-24
Maximal and minimum, 7-25, 7-26,
7-27
Metric spaces:
countable, 184, 18-19
metric space, 10~1, 10-2, 104,
10-5, 15-22, 15-23, 15-24,
15-25, 15-26
metric space, complete, 18-15,
18-16, 18-17, 1820, 18-21,
18-22, 18-23, 18-26, 18-29,
18-30, 18-35
Metrizable spaces, 18-1, 18-5, 18-31
Mbobius band and Klein bottle, 9-20,
9-21,9-22,9-99
Multiplicative families, 4-19, 4-20,
4-21

Nbd-finite family, 12-22
Neighborhood, adherent points, 11-27
Networks:
connected networks, 9-55
planar and nonplanar networks,
949, 9-50, 9-51
problems and puzzles, 9-60, 9-62,
9-63, 9-64, 965, 9-66, 967
single path, 9-52, 9-53, 9-54
tie-sets, 9-58
trees, 9-56, 9-57
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traversing a network, 9-59, 9-60,
9-61
vertices, 947, 948
Non-countable spaces, 5-6
NOR, NAND gates, 1-15
Normal spaces, 13-22, 13-23, 13-24,
13-25
Numbers card N and card R, 61, 6-3,
64

Open and closed functions, 12-5
example, 12-27
properties, 12-26, 12-28, 12-29
Open covers, refinements, 15-1, 15-2
Open sets, 1011, 10-12, 10-13
Order isomorphism, 8-1, 82, 8-3
Ordered pair, 3-5
Ordered sets, 7-28, 7-29, 7-30
Ordinal numbers, 84
ordinal number “w”, 8-11, 8-12
ordering, 8-5, 8-6, 8-7, 8-8, 8-9,
8-10
product, 8-28, 8-32
properties, 824, 8-25, 8-26, 8-27
sum, 8-14, 8-15, 8-16, 8-17

Partial order, 7-7, 7-9, 7-11, 7-14

Path connected sets, 17-14, 17-15,
17-16,17-17
properties, 17-21, 17-22, 17-23

Paths, arcs and loops are homotopic,
19-7, 19-8, 19-10, 19-11, 19-12,
19-13, 19-21

Piecewise definition of maps, 12-24
coverings of space, 12-23
Nbd-finite family, 12-22

Planar and non-planar networks, 9—49,
9-50, 9-51

Plane diagrams, 9-96, 9-97, 9-98
Euler characteristic and plane

diagram, 9-101

Mobius band and Klein bottle, 9-99
real projective plane, 9—100
seven color theorem, 9-102
symbolic representation, 9-103

Polygonally connected sets, 17-14,
17-19

Polyhedra, 9-33, 9-34, 9-35

Power sets, 2-8, 2-9, 5-17

Preorder, 74, 7-5, 7-6

Principle of transfinite induction,
7-48, 749

Product, properties, 8-33, 8-34, 8-35,
8-36, 8-37

Projective geometry, 9-10, 9-11

Quantifiers V and 3, 3-2, 3-3, 34

R" space, 10-2
Rank, 9-28
Real projective plane, 9-100
Real-valued functions, 424
Regular divisions, 9-31, 9-32
Regular maps, 9-70, 9-72, 9-74,
9-75,9-76
Regular spaces, 13-14, 13-15, 13-16,
13-17
complete, 13-38, 13-39
Relation-preserving functions, 4-26,
4-27
Relation with genus, 9-39, 940
Relations, 3—-13
Relations, composition, 3—15, 3-16
Remarks, 8-38, 8-39, 840
Restriction, extension, 43
Rigid transformations, 9—1, 9-2
Rings, 2-20
Rotation, 9-87
Russell paradox, 2-23

731



Numbers on this page refer to PROBLEM NUMBERS; not page numbers.

Schroder-Bernstein theorem, ordering
of cardinal numbers, 6-5, 6-6, 6-7,
6-9
Second countable spaces, 15-10, 15—
11, 15-13
Segments, 7-44, 7-45, 7-46, 7-47
Sentence functions of two variables,
3-24,3-25
Sentences, sum, product, negation, 1-1
Separable spaces, 15-12, 15-17,
15-18, 15-19, 15-20, 15-21
Separated sets, 17-6
Sequences, 10-17
Sequential continuity, 12-21
Set of:
algebraic numbers, 5-11
functions, 4-22, 4-23
rational numbers, 5-5
real numbers, 5-6
operations, 24, 2-5, 2-6, 2-7
Set @ (X, Y), 10-27
Sets, elements, 2—1
Seven color theorem, 9-77, 9-102
Simple chain, 17-24
Simply connected surfaces, 9-23,
9-24, 9-25, 9-26
Single path, 9-52, 9-53, 9-54
Sinks and sources, 941
Six color theorem, 9-73
Space, complement, 2—-12
Spheres with holes, 9-104
Standard models:
adding of handles, 9-105
cross-cap, 9-109, 9-110
Euler characteristics, 9-106, 9-107,
9-108

examples, 9-112, 9-113, 9-114,
9-115, 9-116, 9-117, 9-118,
9-119, 9-120, 9-121, 9-122,
9-123, 9-124, 9-125, 9-126,
9-127

spheres with holes, 9-104

standard model, 9-111

Subspace and induced topology,
1145, 1146, 11-47,1148
Suitable homotopy, 19-19
Sum, properties, 8-18, 8-19, 8-20,
821,822,823
Sum of ordinal numbers, 8-14, 8-15,
8-16, 8-17
Surfaces:
curves, 9-15, 9-16, 9-17
genus, 9-18
Mobius band and Klein bottle,
9-20, 9-21,9-22
Surjection, injection, bijection, 42
Syllogism law, 1-6
Symbolic representation, 9-103
Symmetric difference, 1-11, 2-18,
2-19
To-spaces, 13-1, 13-2
T;-spaces, 12-34, 13-3, 13-4, 13-5,
13-6, 13-7
T,-spaces, 13-8, 13-9, 13-10, 1311,
13-12,13-13
Ts-spaces, 1318, 13-19, 13-20,
13-21
T4-spaces, 13-26, 13-27, 13-28
Tie-sets, 9-58
Transcendental numbers, 5-11
Transfinite ordinal numbers, 8-13
Traversing a network, 9-59, 9-60,
9-61
Trees, 9-56, 9-57
Triangulation method, 9-36, 9-37,
9-38
Topology:
topological properties, 12-32
topological spaces, 11-2
topological spaces, examples, 11-5,
11-6, 11-7
topologies, properties, 11-8, 11-9
topologizing of sets, 11-1, 114,
11-11, 11-12, 11-16, 1118,
11-37
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topology, 9-12, 9-13, 9-14
topology determined by a closure,
11-37
topology generated by a subbasis,
11-18, 11-19, 11-20, 11-21,
11-26
topology induced by metric, 11-4
topology bounded sets, 1641,
1642, 1643
Total order, 7-8, 7-10, 7-12, 7-13,
7-15
TTL ICs, 1-16
Tychonoff spaces, 1340, 1341
Tychonoff theorem, 16-21, 16-22

Uniform convergence, 10-33
Uniformly continuous function, 1639,
1640
Union:
intersection, 3—10

intersection, properties, 3—11, 3—12
countable sets, 5-7, 5-8, 5-15
Upper bound and lower bound, 7-16,
7-17
Urysohn’s lemma, extension of
functions, 13-29, 13-30, 13-31,
13-32,13-33,13-34, 13-35

Venn diagrams, 2-4
Vertices, 947, 948

Well ordered sets, 7-38, 7-39, 740
Well ordering principle, 7-41, 7-42,
7-43

Zom’s lemma, 7-33, 7-34, 7-35,
7-36
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